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ABSTRACT

Learning in games is a fundamental challenge in machine learning and artificial intelli-
gence, with wide-ranging applications from board games to robust optimisation and adver-
sarial training (Schrittwieser et al., 2020; Silver et al., 2016). In this context, games broadly
refer to strategic interactions among players, which may be competitive or cooperative. A
particularly rich setting emerges in adversarial optimisation, where the goal is to succeed
against adaptive or strategic opponents. Such problems are well captured by the framework
of test-based optimisation (De Jong and Pollack, 2004; Jaskowski, 2011), where candidate
solutions are evaluated based on their performance across evolving sets of test cases, such

as in self-play or generative adversarial learning.

Co-evolutionary algorithms (CoEAs) are a class of evolutionary methods well-suited for
such adversarial and black-box settings, particularly when gradient information is unavail-
able (Popovici et al., 2012). In Competitive CoEAs, candidate solutions (designs) are
evaluated against a population of tests. A classic example is Hillis’ sorting network prob-
lem (Hillis, 1990), where both the design of sorting networks and their test cases are evolved
simultaneously. Despite their promise, these algorithms can suffer from cycling and other
failure modes (Wiegand, 2004). Previous theoretical analysis of coevolutionary dynamics
relies on modelling coevolutionary computation as a dynamical system under the assump-
tion of the ‘infinite population model’ (Popovici et al., 2012). The main focus is to analyse
the stability of coevolution. Runtime analysis of evolutionary algorithms considers the time
complexity of a given randomised algorithm. It provides either lower or upper bounds for
the number of fitness function evaluations (called runtime) to understand the performance
of given algorithms (Doerr and Neumann, 2020). To the best of our knowledge, the previ-
ous runtime analysis of coevolutionary algorithms focuses on a cooperative coevolutionary
algorithm, namely CC-(1+1) EA (Jansen and Wiegand, 2004). Runtime analysis of com-
petitive coevolutionary algorithms remains largely underexplored. Our research is driven

by the following questions:



1. Under what conditions can competitive coevolutionary algorithms (CoEAs) solve ad-

versarial optimisation problems in expected polynomial time?

2. What are the performance limitations of competitive CoEAs in solving adversarial

optimisation problems, in terms of runtime or regret?

To understand the questions above, we proceed by using runtime analysis (Doerr and
Neumann, 2020) and regret analysis (Bubeck, Cesa-Bianchi, 2012). In this thesis, we make
several theoretical contributions. First, we develop suitable theoretical tools to analyse the
runtime of CoEAs. Next, we show that there are no universal good algorithms in adversarial
optimisation, also known as Adversarial No Free Lunch. Then, we analyse competitive co-
evolutionary algorithms on a case-by-case basis. We compare the traditional evolutionary
algorithm (1, A\)-EA with a competitive co-evolutionary variant (1, A\)-CoEA. More precisely,
we show that the traditional evolutionary algorithm (1, A\)-EA need exponential time to
find the Nash Equilibrium (NE) of DIAGONAL. At the same time, a CoEA can help
to find the NE in polynomial time, which shows the promising potential of competitive
coevolution. Next, we examine different types of competitive co-evolutionary algorithms.
In particular, we analyse the single-pair CoEA against population-based CoEA on the
given game benchmark, DIAGONAL. Our analysis reveals that a large population size and
mutation rate are key for the polynomial runtime of CoEA on DIAGONAL. These findings
advance the theoretical foundation of coevolutionary algorithms and offer deep insights for
researchers designing competitive coevolutionary algorithms in adversarial environments,
ranging from robust optimisation to game-playing agents. By uncovering when and why
coevolution is effective, our work provides a principled basis for developing more efficient

algorithms in domains where adaptability and strategic interaction are key.
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Chapter One

Introduction

1.1 General Introduction

Learning in games refers to the process by which individuals! adapt and refine their strate-
gies over time through repeated interactions with their opponents, often in response to feed-
back or observations from them (Fudenberg and Levine, 1998; Rezek et al., 2008). Learning
in games is a fundamental challenge in machine learning and artificial intelligence, with nu-
merous applications ranging from board games to robust optimisation tasks (Schrittwieser
et al., 2020; Silver et al., 2016). Learning in games lies at the intersection of various disci-
plines, including (evolutionary) game theory (Fudenberg and Levine, 1998; Weibull, 1997),
reinforcement learning (Sutton, Barto, 1998), deep learning (Goodfellow et al., 2014), algo-
rithmic game theory (Roughgarden, 2010) and optimisation (Dempe, 2002; Popovici et al.,
2012).

Different domains focus on different problem settings and research interests. For example,
classical game theorists (e.g. non-cooperative games) might be interested in what strategies

rational players adopt when their outcomes depend on the actions of others. It analyses

!These refer to Al algorithms, including evolutionary search heuristic or learning algorithms in the

context of this thesis.
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players’ behaviours in strategic settings, often under assumptions of perfect rationality and
complete information (Nash, 1951b; Neumann, 1928; Von Neumann, Morgenstern, 1953).
Evolutionary game theorists ask: How do strategies evolve and stabilise over time in large
populations? They model adaptation in infinitely large populations as dynamical systems
and focus on the stability and robustness of equilibria (Smith, 1982). In reinforcement
learning, researchers ask: How can an agent learn to make better decisions through trial
and error? They focus on algorithm design for learning optimal policies, often evaluated by
regret, with prominent methods including Q-learning (Hu and Wellman, 2003), Proximal
Policy Optimisation (PPO) (Schulman et al., 2017), and Monte Carlo Tree Search (MCTS:
a core part in Alpha-Zero (Silver et al., 2018)). In deep learning, one of the central questions
is: How can we train models that can generate or discriminate complex data distributions?
A recent notable success is the Generative Adversarial Network (GAN), where a genera-
tor and discriminator are trained in competition (Goodfellow et al., 2014). In algorithmic
game theory (Nisan et al., 2007), researchers are interested in how hard it is to compute
or approximate equilibria in strategic settings. They aim to understand the computational
complexity or computational hardness of computing Nash Equilibrium or approximating
Nash Equilibrium, including introducing the well-known PPAD ("Polynomial Parity Ar-
guments on Directed graphs") class and proving that computing a Nash Equilibrium in
general-sum games is PPAD-complete (Daskalakis et al., 2009). This assumes white-box
access to the entire payoff matrix and analyses how hard it is to solve the problem in terms
of time-complexity, measured by the number of elementary operations (such as comparisons
or arithmetic steps) the algorithm performs, assuming each takes constant time. Finally,
some subfields of optimisation are interested in: How can we efficiently find (or approxi-
mate) optimal strategies in adversarial settings? This view treats equilibrium (i.e. Nash
Equilibrium or other optimal solution concepts defined in Chapter 2) computation as an op-
timisation problem and develops efficient algorithms for solving it (Dempe, 2002; Popovici

et al., 2012). For example, for two-player zero-sum games, we can solve this optimisation
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problem by using linear programming, which guarantees polynomial time? (Dantzig, 1951;
Maiti et al., 2023) or solve it by bilevel programming (Dempe, 2002). Another approach
is evolutionary computation (Popovici et al., 2012), which co-evolves both solutions and
problem instances, as seen in the co-design of sorting networks and test cases (Hillis, 1990).
In contrast to computational complexity, from the optimisation perspective, especially in
black-box settings, the notion of query complexity is more relevant. Here, the algorithm
does not have access to the full game description but can query specific payoff entries.
Researchers are interested in how many such queries are required to find or approximate
a solution. This thesis focuses on this viewpoint, namely query complexity (or runtime
defined in Chapter 2), studying adversarial optimisation under limited information, where

the cost of information gathering becomes a bottleneck.

A key instance of learning in games arises in settings where an individual’s performance
is evaluated against one or more opponents, a scenario known as adversarial optimisa-
tion, where the goal is to succeed despite strategic resistance from adversaries, such as
Density Classification Task, Symbolic Regression and Optimisation of Algorithm Parame-
ters (Jaskowski, 2011). These problems are naturally modelled by test-based optimisation,
a framework in which the quality of a candidate solution is determined by its interaction
with a (typically large and evolving) set of test cases (Bucci et al., 2004; De Jong, 2005;
De Jong, 2004a; De Jong and Pollack, 2004; Jaskowski, 2011; Jaskowski and Krawiec, 2010;
Yo and De Jong, 2007). Unlike classical optimisation, where the objective function is a
well-defined and often real-valued mapping from a domain to a scalar performance measure,
test-based optimisation® does not assume such a function exists in an explicit or efficiently
computable form. This paradigm is particularly suited to domains where a solution’s qual-
ity is inherently relational, emerging only through competitive or cooperative evaluation.

For instance, in games such as tic-tac-toe, Go or Chess, evaluating a strategy requires it

2Polynomial time means that the time-complexity is polynomial in the size of the input matrix.

3We will define test-based optimisation formally in Chapter 2.
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to be tested against numerous opposing strategies. Computing a scalar-valued objective
function over all possible opponents is infeasible due to a very large number of possible
strategies. For tic-tac-toe, this number is estimated to around 3.47 x 10'%? (Jaskowski,
2011), rendering exact evaluation intractable even with modern computing. This moti-
vates how we can design more efficient algorithms for finding optima instead of evaluating
a strategy against all possible opposing strategies, especially under the circumstances where

players in games have exponentially many strategies.

Test-based optimisation differs fundamentally from classical optimisation in that it treats
optimisation as a process of interaction rather than scalar function evaluation (Bucci, 2007;
Jaskowski, 2011; Popovici et al., 2012). The objective is no longer to maximise a static
function, but rather to identify candidates that perform well across a dynamic or represen-
tative subset of tests. Examples include coevolutionary training, where model parameters
and training data evolve simultaneously (Hastie et al., 2009), and self-play in multi-agent
systems, such as AlphaGo (Silver et al., 2016) or Stratego (Perolat et al., 2022), where
agents iteratively improve through mutual competition. Because the “fitness” of a solution
is only meaningful when considered in relation to other entities, test-based optimisation of-
ten relies on relative performance metrics, coevolutionary dynamics, and solution concepts
borrowed from game theory (e.g., Nash equilibrium, minimax). In this thesis, we adopt the
test-based formulation as a unifying framework for studying such adversarial optimisation

scenarios.

Many real-world optimisation problems are challenging because the objective function
is black-box, noisy, non-differentiable, or shaped by the behaviour of adversaries. In such
black-box settings, traditional optimisation techniques, especially those relying on gradients
(i.e. gradient descent), often fail or cannot be applied (Béck et al., 1997). This makes it
necessary to use alternative methods that are robust, flexible, and require minimal assump-

tions about the problem structure. For these reasons, this thesis focuses on evolutionary
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algorithms (EAs): a class of bio-inspired, randomised search methods that are particularly
well suited to black-box and adversarial optimisation (Béck et al., 1997; Popovici et al.,
2012). EAs, inspired by Darwinian principles of natural selection (Darwin, 1859), operate
by maintaining a population of candidate solutions, which are improved over time. In the
context of biological metaphor, EAs maintains a population of individuals, where each in-
dividual corresponds to a search point of the problem instance. EAs usually contain two
key components, selection and variation. To understand how EAs explore and exploit the
search space, it is essential to clarify what these two components entail. The fitness value
of an individual is often defined by the objective value at the corresponding search point.
In each generation, EAs produce offspring based on the current population via variation
and then select new individuals into the maintaining population based on their fitness val-
ues. EAs are powerful tools for discrete black-box optimisation and have shown promise
in such settings, especially when gradients are unavailable (Eiben and Smith, 2015; Ruder,
2017). Traditional EAs rely on the selection of the fittest individuals, where individuals are
directly ranked by their fitness values and the fittest are more likely to reproduce. More

details about EAs can be found in Chapter 2.

The broader field that explores EAs and other bio-inspired randomised heuristic meth-
ods is known as evolutionary computation (EC). Originating in the 1950s, EC has a rich
history shaped by various independent contributions on different search domains (Eiben
and Smith, 2015; Fogel, 1998). EC encompasses a wide range of algorithms, including evo-
lution strategies (ESs) for continuous search spaces (i.e. R™), initially developed by Ingo
Rechenberg and Hans-Paul Schwefel, with other researchers also contributing to their early
development (Beyer and Schwefel, 2002; Rechenberg, 1978) and one of notable evolution
strategies: CMA-ES developed by Hansen and Ostermeier (2001); genetic algorithms (GAs)
for discrete search space (i.e. {0,1}"), introduced by Holland (1992) and significantly ad-
vanced by many other researchers, including De Jong (1975); and genetic programming

(GP) for symbolic optimisation, developed by many researchers including Banzhaf et al.
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(1998), Forsyth (1981) and Koza (1989).

Variation Variation

4 ) ( A

Population |  Interaction |Population @

Selection Selection

Figure 1.1: A general framework of competitive coevolution (Picture from the slides of the

paper (Lehre and Lin, 2025)).

However, in their standard forms, evolutionary algorithms are not directly applicable to
learning in games, since adversarial optimisation involves interactive payoff functions that
depend on multiple solutions and test cases, rather than simple fitness functions based
on individual performance. To address this, another important class of evolutionary algo-
rithms, known as coevolutionary algorithms (CoEAs), has been developed (Popovici et al.,
2012). Unlike traditional evolutionary algorithms (EAs), which typically involve a single
population evolving in a determined fitness landscape, CoEAs involve multiple interacting
populations whose fitness landscapes are shaped dynamically by one another. This mir-
rors the concept of coevolution in nature, where species evolve in response to each other,
such as predators and prey, rather than solely in response to their environment. Such a
coevolutionary loop may promote genetic polymorphisms in nature (Anderson and May,
1982). It is easy to formulate game learning problems in a way where CoEAs are applicable
in strategic and adversarial environments (Popovici et al., 2012). Competitive CoEAs, in
particular, model interactions between populations that resemble prey and predator dy-
namics, and have found success in applications such as Generative Adversarial Networks
(GANS) (Al-Dujaili et al., 2018; Goodfellow et al., 2020; Toutouh et al., 2019) and co-
learning strategies in games (Mitchell, 2006). As discussed by Dawkins and Krebs (1979),

an evolutionary arms race occurs when coevolving competing populations, such as preda-
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tors and prey, continuously adapt in response to each other’s changes. As one side gains an
advantage, it creates new challenges and selective pressure for the other to evolve counter-
adaptations, potentially leading to increasing levels of complexity over time. As shown in
Figure 1.1, competitive coevolution can mimic this biological arms race: as prey evolve bet-
ter defences, predators adapt to overcome them, and vice versa, which is exactly the goal of
competitive coevolutionary algorithms. The interaction between the prey and predator can
be naturally viewed as a two-player game, with a payoff function capturing the outcome

of their encounters.

One of the most influential works in this area was by Hillis (1990), who demonstrated
the success of competitive coevolution in optimising sorting networks. In this work, Hillis
(1990) employed a coevolutionary genetic algorithm where two populations of sorting net-
works (prey) and input sequences (predators) evolved simultaneously?. The prey aimed
to correctly sort the test sequences, while the predators evolved to generate input cases
that exposed weaknesses in the networks. This setup created an adversarial dynamic: as
one population improved, it directly altered the selection pressures® faced by the other.
Crucially, this continual adaptation helps to overcome two major limitations of standard
evolutionary approaches: premature convergence® and inefficient evaluation. As is claimed
in (Hillis, 1990), without coevolution, the evolutionary search tended to get stuck in lo-
cal optima, as most individuals converged on suboptimal solutions and the static test sets
failed to challenge them meaningfully. In contrast, Hillis (1990) empirically showed that
the coevolutionary system maintained diversity and selection pressure through a form of

evolutionary arms race, where each new innovation in the prey population was met with

4Different papers about coevolution use different metaphors, including prey/predators, teach-

ers/students, hosts/parasites. In this thesis, we use prey/predators to align with (Lehre, 2022).
SSelection pressure refers to the intensity of selection, whether it strongly (high selection pressure) or

moderately (low selection pressure) favours the best individuals (Back, 1994).

SPremature convergence means that an algorithm has converged too early, resulting in suboptimal

solutions (De Jong, 2017).
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adaptive challenges from the predator population. This led to both more robust evaluations
and more effective exploration of the search space. Hillis’s approach notably yielded 16-
input sorting networks with only 61 comparison-exchange operations, an improvement over
prior evolutionary results and approaching the best known human-designed constructions
(i.e. 60 comparison-exchange operations). His work thus illustrated how coevolutionary
dynamics can serve not only as a metaphor for biological adaptation, but also as a practi-
cal mechanism to enhance the performance of optimisation algorithms. This work, along
with earlier contributions such as Axelrod’s tournaments (Axelrod, 1987) and Lindgren’s
work on the evolution of strategies (Lindgren, 1992), brought increased attention to Co-
EAs. In CoEAs, the mutual adaptation between prey and predators can drive exploration
and lead to optimal strategies in challenging settings such as MAXIMIN-optimisation prob-
lems, where one seeks to solve max, min, f(x,y) for a given payoff function f. However,
CoEAs can suffer from several pathological behaviours that hinder their broader practical
use (Popovici et al., 2012; Rosin, 1997; Wiegand, 2004). One prominent issue is cycling,
where the population revisits previously explored areas of the search space without achiev-
ing global progress. This is especially common in intransitive domains, where no dominant
strategy exists, for instance, A defeats B, B defeats C, but C defeats A. Such cycles can
trap the algorithm in inefficient search loops. Another related phenomenon is evolutionary
forgetting, where effective past strategies are discarded because they are no longer advan-
tageous against the current opponents (Rosin, 1997). Another pathology is disengagement,
which arises when the opponents are either too weak or too strong, resulting in diminished
selection pressure and a lack of informative gradient for progress. In such cases, evolution
stagnates or regresses. Additionally, overspecialisation can occur, where individuals evolve
narrowly targeted strategies that exploit specific opponent behaviours while failing to gen-
eralise. These issues compromise the generality and robustness of evolved solutions. To
mitigate such pathologies, it is critical to construct a good evaluation environment, namely,

a diverse and representative set of opponents, to provide consistent and informative feed-
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back during the evolutionary process (Krawiec and Heywood, 2020; Miconi, 2009; Rosin
and Belew, 1995a).

Empirical success has made CoEAs increasingly popular, yet still not fully understood due
to unexpected pathological behaviour. Can we develop a more rigorous understanding of the
mechanism of CoEAs? When assessing the performance of EAs, we aim to measure its use
of computational resources. Adopting the standard computer science perspective, we focus
on how computational resources required by an algorithm to find a solution depend on the
problem size (Jansen, 2013b). In classical complexity theory, computational complexity is
generally defined as the number of basic operations executed before the algorithm returns
a solution. We distinguish between query complexity (or black-box complexity, bandit
feedback) and scenarios where the algorithm can see the entire input. In this thesis, we
often refer to complexity as query complexity /black box complexity /bandit feedback, where
only limited information is provided at each iteration (i.e. black-box setting). Moreover,
instead of considering the number of fitness function evaluations (called the runtime of EAs)
in traditional EAs, it is more sensible to consider the payoff function evaluations (called
the runtime of CoEAs) in CoEAs since CoEAs only rely on payoff function to capture
the interactive outcome of two populations instead of one specify static fitness function of
one population in traditional EAs as mentioned earlier. Runtime analysis of traditional
evolutionary algorithms considers the time complexity of a given randomised algorithm.
It provides either lower or upper bounds for the runtime to understand the performance
of the given algorithms (Doerr and Neumann, 2020). To understand the questions above,
we extend runtime analysis to coevolutionary algorithms. Runtime analysis can identify
relationships between algorithmic parameters and problem characteristics that determine
the efficiency of evolutionary algorithms. We expect runtime analysis of CoEAs to bring us
similar insights into CoEAs. There is limited literature about runtime analysis of CoEAs
apart from (Fajardo et al., 2023; Jansen and Wiegand, 2004; Lehre, 2022). We would like to

develop runtime analysis for competitive coevolutionary algorithms, as a deeper theoretical
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understanding of CoEAs can reveal how various algorithmic parameters influence their
performance and guide the design of more effective variants. We expect that insights from
runtime analysis of coevolution (Popovici et al., 2012) will eventually improve the design of

coevolutionary algorithms. More related works about CoEAs can be found in Chapter 2.

In this thesis, we aim to develop a further rigorous runtime analysis of competitive CoEAs
on simplified adversarial benchmarks. We study under what conditions these algorithms
can find optimal solutions efficiently and how key parameters influence their performance.

We summarise the following research questions we aim to address.

1.2 Research Questions

Competitive coevolutionary algorithms evolve competing populations, where each popula-
tion adapts in response to the other, and are often used to model adversarial scenarios.
Given a ‘payoff function” g : X x ) — R determining the outcome of interactions, where X
is the set of strategies to the predator, ) is the set of strategies available to the prey and
g(z,y) is the payoff to the predator”, competitive coevolution often leads to complicated
dynamics, where traditional runtime analysis tools cannot be directly applied. Thus, we

are interested in the following research questions:

Research Question 1: Can we develop suitable theoretical tools to analyse the runtime

of competitive CoEAs?

Traditional drift analysis requires the process to remain consistent with a positive drift
(an expected tendency reaching the optimum) towards the optimum. In the subsequent
discussion detailed in Chapter 3, competitive CoEA on the bilinear problem (a simple

pseudo-Boolean maximin benchmark) induces a dynamic with negative drift (an expected

"We assume the predator chooses action = and the prey chooses action y.
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tendency away from the optimum) when the search point moves towards the optimum.
Thus, it is hard to employ the previous tools directly. Consequently, the primary research

question emerges: Can we develop a new theoretical tool to overcome this challenge?

Research Question 2: For any solution concept that we define as a good solution, is
there always an algorithm that performs better than others in adversarial optimisation with
respect to that comparison? If we focus on Nash Equilibria, what is the computational

hardness of solving such problems using general, possibly randomised, search heuristics?

Wolpert and Macready (1997) show that all traditional black-box optimisation algorithms
perform equally on average across all problem instances. Adversarial optimisation scenarios
pose a more challenging case to explore, sometimes presenting a counter-intuitive result.
In adversarial optimisation scenarios, solution concepts define what a good solution is.
Previous studies by Wolpert and Macready (2005) and Service and Tauritz (2008) have
demonstrated the existence of ‘free lunches’ in adversarial optimisation with respect to
various solution concepts, including ‘maximin’ and ‘maximisation over all test cases’. How-
ever, Nash Equilibrium, as a widely studied solution concept in adversarial learning and
maximin optimisation, is less explored in this context. This concept is central to various
applications, including adversarial learning models such as GANs (Goodfellow et al., 2014;
Heusel et al., 2017) and spatial games (Hemberg et al., 2021; Lehre, 2022; Lehre et al.,

2023). Thus, it is natural to ask the following key questions:

(1) Does adversarial optimisation exhibit a ‘free lunch’ for other widely-used solution

concepts in game theory, including Nash Equilibrium?

(2) If we use Nash Equilibrium as the solution concept, how can we characterise the
difficulty of black-box adversarial optimisation problems for problem-independent,

possibly randomised, search heuristics?

To apply traditional EAs to adversarial optimisation, a common method is to evaluate

11
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individuals by pairing candidate solutions from the two competing roles (e.g., z and y) and
defining a fitness function over these fixed pairs z = (x,y). We refer to this methodology
as the fixed-pairing EA approach. In this setup, the EA evolves one or both populations
by treating fitness as a function of performance in a static match-up, typically without
modelling an evolving adversary. This contrasts with competitive coevolution, where the

adversary population co-adapts over time.

Referencing our discussion in Chapter 5, one may wonder why we cannot directly employ
traditional evolutionary algorithms for adversarial optimisation using a fixed pairing ap-
proach. Is it really necessary to use competitive coevolutionary approaches? To the best
of our knowledge, although previous empirical studies (Hemberg et al., 2021; Hillis, 1990;
Lehre et al., 2023) demonstrate the promising potential of competitive coevolution, the ne-
cessity of competitive coevolution is barely touched. In particular, there exists no literature
on theoretical guarantees or impossibility results for this question. An underlying essential
question behind these questions is: what is the key distinction between CoEA and EA?

Thus, the third research question is posed as follows.

Research Question 3: Are there adversarial optimisation problems where competitive
coevolutionary algorithms (CoEAs) are more efficient than traditional evolutionary algo-

rithms (EAs) using the fized-pairing approach? (EA vs CoEA)

This research question investigates whether there exist adversarial settings in which the co-
adaptive dynamics of CoEAs yield a provable or empirical advantage over the fixed-pairing

EA baseline.

Research Question 4: How does the design of coevolution, including population size and

mutation rate, impact the performance of coevolution (time-complexity)? (CoEA vs CoEA)

As resolved by Question 3, we illustrate the necessity of competitive coevolution compared

with traditional evolutionary algorithms. How about competitive coevolution itself? Re-

12
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ferring to Chapter 6, although a few empirical studies suggest that CoEAs can effectively
solve adversarial optimisation problems, how do parameters in CoEAs, like mutation rate
or population size, affect the performance of CoEA? Can every CoEA help to solve adver-
sarial optimisation problems efficiently? It would be intriguing to understand how different

CoEAs perform on theoretical benchmarking functions.

1.3 Contributions and Outline

This thesis contributes to the theoretical understanding of coevolutionary algorithms (Co-
EAs) in adversarial optimisation through rigorous runtime analysis and complexity-theoretic
studies. Each chapter tackles a specific aspect of the central theme: analysing the per-
formance and design of CoEAs in solving challenging black-box adversarial optimisation

problems. The contributions are as follows:

In Chapter 2, we provide essential background knowledge, including definitions of evolu-
tionary algorithms (EAs), benchmarking functions, traditional runtime analysis techniques,
and key theoretical tools such as the drift theorem and the level-based theorem. We also

review existing work on coevolutionary dynamics and adversarial optimisation.

In Chapter 3, we develop new theoretical tools tailored for analysing CoEAs. We
present a new drift theorem capable of handling negative drift, introduce an upper-tail
bound for runtime, and propose a refined level-based theorem suitable for population-
based coevolution. These tools form the analytical foundation for the rest of the thesis and

address the challenge of modelling stochastic dynamics in a competitive setting.

In Chapter 4, we explore the fundamental hardness of adversarial optimisation. We
prove a No Free Lunch theorem for black-box adversarial settings and analyse the query

complexity of finding approximate equilibria. This characterises the theoretical limits of

13
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algorithmic performance under general adversarial conditions.

In Chapter 5, we compare traditional EAs with CoEAs in the context of sparse binary
zero-sum games. We prove that a certain kind of CoEA, (1, \)-CoEA, can overcome dif-
ficulties that cause traditional EA, (1, A\)-EA, to stagnate, particularly in escaping from
the flat and binary payoff landscape. This demonstrates the advantage of a competitive

coevolutionary approach and interaction in adversarial scenarios.

In Chapter 6, we compare single-pair coevolution with population-based coevolution.
We show that population-based methods are more robust and better at maintaining diverse
strategies, resulting in improved performance in challenging zero-sum game settings. These
findings highlight the importance of population structure in CoEA design. Moreover, we
demonstrate a low mutation rate is also essential for effective performance of CoEAs on

the discussed benchmark.

In Chapter 7, we summarise the main findings and contributions of the thesis. We
reflect on the broader implications of our work for the theory of evolutionary computation
and suggest future directions, including tighter runtime bounds and applications to modern

adversarial learning frameworks in game-theoretical scenarios.

Each chapter is based on published or accepted papers, co-authored with Prof. Per
Kristian Lehre and Dr Mario Alejandro Hevia Fajardo, and the relevant publication is

cited at the beginning of each chapter.
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1.4 Publications

During the PhD study, the author of this dissertation has published his research through
various publications, as enumerated in Table 1.1. Note that, in adherence to the convention

within the field of theoretical computer science, the authorship is listed in alphabetical

order.
Table 1.1: Peer-reviewed publications during the PhD study
# Title Authors Jour./Conf. Status
1. Randomised Optimism via Competitive coevolution for Lin TJCAT 2025 Accepted/In Press

Matriz Games with Bandit Feedback.

2. Towards Runtime Analysis of Population-Based co- Lehre, Lin AAAT 2025 Published (Oral)
evolutionary Algorithms on Sparse Binary Zero-Sum

Game.

3. No Free Lunch Theorem and Black-Box Complexity Lehre, Lin NeurIPS 2024  Published

Analysis for Adversarial Optimisation.

4. Overcoming Binary Adversarial Optimisation with Lehre, Lin PPSN 2024 Published

Competitive Coevolution.

5. Concentration Tail-Bound Analysis of Coevolutionary Lehre, Lin IJCAT 2024 Published (Oral)

and Bandit Learning Algorithms.

6. Runtime Analysis of a coevolutionary Algorithm: Over- Hevia Fajardo, FOGA 2023 Published

coming Negative Drift in Mazimin-Optimisation. Lehre, Lin

7. Is CC-(1+1) EA more efficient than (1+1) EA on ei- Lehre, Lin CEC 2023 Published

ther separable or inseparable problems?
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Chapter Two

Background

2.1 Introduction

This chapter provides an overview of the background necessary for understanding the the-
oretical and empirical study of competitive coevolution. Section 2.2 introduces basic nota-
tions and concepts. Section 2.3 outlines solution concepts commonly used in game-theoretic
contexts. Section 2.4 discusses the test-based optimisation problems, which are an impor-
tant class of black-box adversarial optimisation problems. Section 2.5 presents benchmark-
ing functions such as DIAGONAL and BILINEAR games, frequently used in our theoretical
analyses in this thesis. Section 2.6 provides a brief introduction to evolutionary algorithms.
Section 2.7 offers a comprehensive discussion on coevolutionary algorithms, including both
cooperative and competitive variants, classical methods for addressing pathological be-
haviours, the free lunch theorem in coevolution, and recent runtime analysis results. Fi-
nally, Section 2.8 reviews foundational tools in runtime analysis, such as drift theorems
and level-based analysis, which are essential in studying the theoretical performance of

coevolutionary algorithms.
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2.2  Preliminaries

This section introduces the algorithms, runtime analysis and traditional tools, coevolution-
ary models, and benchmarking functions studied in this thesis. Note that this section will
not cover the proposed algorithms and newly developed analysis tools, which are discussed
in later chapters. For clarity and convenience, we first introduce some notations in this
thesis. We use N := {1,2,...} to denote positive integers, Ny := N U {0} to denote non-
negative integers. We define the following sets of integers: [n] :={i € N|i <n} forn € N.
This thesis focuses on the optimisation of pseudo-Boolean functions f : {0, 1}" — R where
n € N is called the problem instance size. The search space of pseudo-Boolean functions
is the binary hypercube, i.e., {0,1}". We call elements of {0, 1}" bitstrings of length n
with bit values z = (21, ..., x,) where z; € {0,1} for ¢ € [n]. We use 1" and 0™ to denote
the all 1-bit bitstring and the all 0-bit bitstring of length n, respectively. We define & as
bitwise exclusive or. We use & to mean that for any two binary bitstrings x = x; - - - x,, and
U=Up Uy, TDU = (T DUy, -+, 2, Duy,) where 11 =0,160=1,061=1,101=0.

Table 2.1 presents a summary of some frequently used notations in this thesis.

When analysing optimisation algorithms, it is common to employ some metrics that
measure the closeness between two points in a search space. For instance, assessing how
"close" a current solution is to an optimal one may be necessary. In binary or discrete search
spaces, the Hamming distance and 1-norm distance are two frequently used methods for

evaluating the distance between two bitstrings. We provide their definitions as follows.

Definition 2.2.1 (Hamming, 1986). Given two bitstrings x,y € {0,1}" where x = (xq, ..., xy)

and y = (Y1, - -, Yn) for any n € N, the Hamming distance between x and y 1is

n

H(z,y) =Y | — uil. (2.1)

i=1
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Table 2.1: Notation frequently used in this thesis.

Notation Definition

Fi Natural filtration (see Definition A.1.9 in Appendix)

Pr(-) Probability measure

Pr, = Pr(- | F) Conditional probability with respect to natural filtration

E(-) Expectation

E:(-) :==E(- | /)  Conditional expectation with respect to natural filtration

Unif(A) Uniform distribution over a finite set A

N (p, 0?) Normal distribution with mean p and variance o2, where pu,0 € R
Bin(n, p) Binomial distribution with n trials and success probability p, where

In(+)
log(+)
2]y
A

xTPu

n € N and p € [0, 1]

Natural logarithm

Logarithm with base 2

>» , x; where bitstring « € {0,1}" for n € N
Cardinality of a set A

Bitwise exclusive or operator between z and wu.
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Definition 2.2.2. Given two bitstrings x,y € {0,1}" where x = (x1,...,2,) and y =

(Y1, -, Yn) for any n € N, the absolute distance between x and y is

N(z,y) = [lz[s = [yhl. (2.2)

These two distance functions are widely used in drift analysis (see Section 2.8.1) by setting
y to be the optimal binary bitstring in unimodal optimisation problems (i.e. there exists
a unique optimum). Equipped with the Hamming distance above, ({0,1}", H) forms a
well-defined metric space (i.e. a non-empty set with a metric satisfying zero-proprieties,

non-negativity, symmetry and triangle inequality) (Shirali and Vasudeva, 2005).

Let us begin by introducing two fundamental theoretical functions, ONEMAX and LEADING-
ONES, used as benchmark functions in the theory of evolutionary computation. These
functions not only provide a basis for evaluating optimisation algorithms but also serve as

building blocks for designing more complex problems.

In the theoretical study of EAs, ONEMAX and LEADINGONES play a crucial role, fre-

quently serving as standard benchmarks to compare and analyse algorithmic performance.

Definition 2.2.3. Given a bistring x € {0,1}" for alln € N, then
ONEMAX(z) :=: OM(z) := > ;. (2.3)
i=1
Definition 2.2.4 (Rudolph, 1997). Given a bistring x € {0,1}" for all n € N, then

LEADINGONES(z) :=: LO(x) := ) Hazj (2.4)

2.3 Solution Concepts

In classical optimisation, the goal is typically to find an input that minimises or maximises

a given objective function. In such settings, the notion of an optimum is well-defined,
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either a global or local maximum or minimum. For example, in single-objective function
optimisation f : X — R, a common solution concept is the point x* € X such that
f(z*) < f(x) for all x € X. More broadly, a solution concept refers to a subset of the
strategy space that represents acceptable or optimal outcomes under some criteria (Ficici,

2004).

However, in adversarial optimisation tasks, such as those modelled by games or maximin
formulations, the objective is not defined over a single decision-maker, but over interacting
agents or players whose goals may conflict, i.e., f : X x Y — R. In such settings, classical
solution concepts like global optima are no longer appropriate or sufficient. Instead, the
outcome depends on the strategic interaction among players, where each player’s payoff is

influenced by the strategies of others.

To formalise optimality in these settings, we turn to game-theoretic solution concepts.
A well-known example is the maximin strategy, in which a player seeks to maximise the
minimum payoff they can guarantee regardless of the opponent’s actions (Wolpert and
Macready, 2005). Another common concept in empirical black-box coevolutionary settings
is the ‘maximisation over all test cases’ criterion (Service and Tauritz, 2008), where a
candidate solution is evaluated against the entire population of test cases to assess its
worst-case or average-case performance. More generally, and particularly in game-theoretic
formulations, the Nash Equilibrium (NE) is a foundational solution concept (Nash, 1951a;
Nisan et al., 2007; Osborne and Rubinstein, 1994). A (pure strategy) Nash Equilibrium
is a strategy profile in which no player can improve their payoff by unilaterally deviating

from their current strategy. We will define it formally in Definition 2.3.1.

In this work, we adopt the Pure Strategy Nash Equilibrium as our primary solution
concept. Our goal is to understand whether and how black-box coevolutionary algorithms
can efficiently find NE in games. The choice of NE is motivated by its wide acceptance in

both economic theory and algorithmic game theory, and its relevance to adversarial learning
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tasks (Goodfellow et al., 2014; Heusel et al., 2017; Nisan et al., 2007; Von Neumann,

Morgenstern, 1953; Von Stengel, 2008).

Defining an appropriate solution concept is crucial in coevolutionary settings, where
candidate solutions evolve through competitive interactions rather than objective-based
search (Ficici, 2004). Ficici’s dissertation further formalises solution concepts in coevolu-
tion and discusses how coevolutionary dynamics may or may not lead to convergence to-
ward them. Thus, this question motivates our rigorous runtime analysis of coevolutionary

algorithms with respect to NE for deeper understanding of the mechanism of coevolution.

Definition 2.3.1 (Nash Equilibrium (Nash, 1951a; Nisan et al., 2007)). Given two fi-
nite sets X and Y as strateqy spaces, and payoff functions g,h : X x Y — O, where O
is an ordered set, (z*,y*) is a Nash equilibrium if for all (z,y) € X x Y, g(z*,y*) >
g(x,y*) and h(z*,y*) > h(z*,y). In particular, if the two-player game is zero-sum (that is,
if g(z,y) + h(z,y) =0 for all (z,y) € X x V), then (z*,y*) is a Nash equilibrium if for all

(x,y) € X x Y, g(x,y*) < g(z*,y*) < g(x*,y). The solution concept is defined by

S={(@"y) e X xY| Y(r,y) € X x Y, g(x,y") < g(z",y") < g(z",y)}.

Adversarial optimisation tasks are more complex and often counter-intuitive compared to
traditional optimisation problems. In such settings, it is crucial to define what constitutes a
valid solution or what is meant by optimality. There are other commonly studied solution
concepts, including ‘maximisation over all test cases’ (Service and Tauritz, 2008), and

‘maximin’ (Wolpert and Macready, 2005).

2.4 Test-Based Optimisation

In many optimisation problems, the quality of a solution cannot be evaluated by a sin-

gle objective function alone, but must instead be assessed through its performance on a
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range of test cases. A classical example arises in the design of sorting networks, fixed se-
quences of comparison-swap operations that must correctly sort any input array (Hillis,
1990; Jaskowski, 2011). Here, a candidate sorting network (solution) is not evaluated by
a scalar cost, but by its ability to sort various input sequences (test cases) correctly and
efficiently. A network that fails on even one test input is considered incorrect. Hillis (1990)
pioneered the use of coevolution to tackle this challenge, simultaneously evolving both the
sorting networks (solutions) and the input sequences (tests), thus introducing a test-based

perspective to optimisation.

This idea generalises to a wide class of problems where solutions are evaluated by inter-
acting with a diverse set of test cases or opponents. In such test-based optimisation settings,
performance is inherently related: a solution is not good in isolation but only relative to
how well it performs across the set of tests. Following the definition by Jaskowski (2011),
test-based optimisation is formally defined by a tuple G = (X, ), g, P, P"), where X de-
notes a set of candidate solutions, ) is a set of tests, and G : X x ) — O is an interaction
function mapping a solution-test pair to an outcome in a totally ordered set O. The set
P contains composite potential solutions (e.g., populations or distributions), and PT C P
consists of acceptable or optimal solutions according to some solution concept. We adjust

the original definition into a more precise and rigorous definition as follows.

Definition 2.4.1 (Test-based Problem adapted from (Jaskowski, 2011)). A test-based

problem is a tuple' G, = (X,Y, g, PT) that consists of:

e a set X of candidate solutions?,

e a set) of tests®,

'In some chapters of this dissertation, we also call this tuple a two-player zero-sum game.
21t is also known as candidates (Bucci et al., 2004), learners (De Jong, 2004a), prey (Rosin and Belew,

1995b), or components (Popovici et al., 2012).
3Tt is also known as teachers or predators.
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2.5. Benchmarking Functions

e an interaction function G : X x Y — O, where O s a totally ordered set,

e a solution concept, defining the optimal solutions P™ C X x ).

Moreover, given F as a subset of all the payoff functions g : X x Y — O, we define a class

of test-based problems or two-player zero-sum games by G :={G, | g € F}.

We revisit the simple example of sorting networks and test cases to illustrate this defini-
tion. Consider the application of coevolutionary algorithms in coevolving sorting networks
and test cases (Hillis, 1990). We assume the solution concept here is to seek the best sorting
network design, which can pass as many test cases as possible. So the set X contains all
possible sorting network designs, and ) contains all possible test cases. The interaction
function g can be viewed as whether the design passes the test cases, which is a totally
ordered set {True > False}. In this case, the set of potential solutions P may be simply
the set of candidate solutions X', and one could search for a solution which maximises the
games’ outcomes over all tests from set ). If such a design exists with respect to the set of
test cases ), then PT is non-empty. More details about the empirical studies of test-based

optimisation can be found in (Jaskowski, 2011).

2.5 Benchmarking Functions

To evaluate and understand the performance of coevolutionary algorithms, it is essential to
use benchmark functions that expose the specific challenges inherent to adversarial optimi-
sation. Unlike classical single-objective benchmarks, adversarial tasks involve interactions
between competing agents, making solution quality dependent on how strategies perform
against others rather than in isolation. Benchmark functions for these settings must there-
fore capture features such as strategic dominance, robustness, and the potential for cyclic

dynamics or arms races. We start with simple and structural benchmarks since Chapter 4
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will show that the algorithmic performance is independent of the choice of algorithms if
the problem has no structure. Moreover, it is reasonable to consider simple and structural

benchmarks as starting points and then move to more challenging and general benchmarks.

Well-designed theoretical benchmarks help study such behaviours in a controlled envi-
ronment. They serve as a building block for our further understanding of complicated
dynamics from adversarial optimisation and how competitive coevolution handles complex
payoff structures efficiently in this thesis. In this section, we introduce two canonical bench-
mark functions that are widely used in theoretical studies of coevolution: the DIAGONAL

and the BILINEAR functions.

2.5.1 DIAGONAL Games

In order to model the binary test-based optimisation problem inspired by Hillis’s method
of sorting networks (Hillis, 1990), a payoff function with two strategy spaces X, ) as input
and {0, 1} as output is introduced as follows. In a real-world scenario, a strategy of each
player can consist of n binary decisions and this results in an exponentially large strategy
space with a binary-valued payoff function (Jaskowski, 2011; Lehre, 2022; Popovici et al.,
2012). More specifically, X = {0,1}" is the solution space of a set of designs for sorting
networks and Y = {0,1}" is the solution space of a set of test cases. We continue to
consider a function g : X x Y — {0,1}. We define g(z,y) = 1 if and only if design x passes
test case y. Our optimisation problem can be defined in terms of MAXIMIN optimisation

(also see Definition 2.3.1). Find (z*,y*) € X x Y such that
for all (z,y) € X x ¥, g(z,y") < g(a™,y") < g(z”,y).

We want to start our analysis with simple problems with clear structures so we introduce

a constraint function c¢ as follows, which splits the search space into several parts.

Definition 2.5.1. (Generalised boundary test-based problem) Given a constraint function
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c(z) : R = R, a generalised boundary function is called GENERAL-BOUNDARY g, : X XY —

{0,1}, where X = {0,1}" and Y = {0,1}", if

1 if ONEMAX(y) < ¢ (ONEMAX(z))
ge(,y) =
0 otherwise.

In our case, we start with a linear constraint function c(|z|;) = |z|;.

Definition 2.5.2. For X = {0,1}" and Y = {0,1}", the payoff function DIAGONAL :
X xY {01} is
1 if ONEMAX(y) < ONEMAX(x)

DIAGONAL(z,y) :=
0 otherwise.

To make it into a binary zero-sum game, we can adjust the payoff from {0,1} to {—1,1}.

The analysis on each setting is identical with slight modifications.

Al

A

Figure 2.1: Example of DIAGONAL problem. The horizontal axis represents the number

of 1-bits in the designs x, and the vertical axis represents the number of 1-bits in the test
cases y. The grey area represents search points of payoff 1, and the rest represents search

points with payoff 0.

We also use g to denote DIAGONAL. Notice that 1 means the design x passes the test cases

y € V. In this simple DIAGONAL game, there are exponentially many distinct Maximin
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optima, namely all points of the form (1", y). In particular, y, with |y,|1 = n represents
the most difficult test case, and z,, with |z,[; = n is one of the solutions that can pass
yn (.e. g(xn,y,) = 1). Thus, (1",1") is the MAXIMIN optimum in this case, satisfying
Definition 2.3.1. This thesis aims to explore whether the CoEAs can find such an optimal

solution efficiently.

2.5.2 BILINEAR Games

In this section, we consider a simple class of discrete maximin benchmark called BILINEAR,
which was first proposed by Lehre, 2022. In this work, we use a variation of BILINEAR
as Fajardo et al., 2023 to simplify our calculation and illustrate applications of our main

theorem.

Definition 2.5.3 (Fajardo et al., 2023). The BILINEAR function is defined for two param-

eters a,, B € (0,1) by
BILINEAR, g(x,y) := ONEMAX(y) (ONEMAX(z) — fn) — anONEMAX(z) + Ey + E»

with the error terms E; := max{(an — ONEMAX(y))?,1}/n® and E, := —max{(8n —

ONEMAX(x))?,1}/n3. We also denote the set of Nash equilibria as OPT, where

OPT := {(z,y) | ONEMAX(z) = pn AN ONEMAX(y) = an}.

2.6 Evolutionary Algorithms

EAs are a class of bio-inspired optimisation algorithms rooted in Darwinian evolutionary
theory (Béck et al., 1997). As discussed in Chapter 1, EAs maintain a population of
individuals, each representing a potential solution to an optimisation problem. These

individuals evolve over time through the application of variation and selection operators.
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EAs have been successfully applied to a wide range of optimisation problems across diverse
domains. For example, they are widely used in operations research and management science
(OR/MS) (Sarker et al., 2002), and have been employed to tackle classical combinatorial
problems such as the minimum spanning tree, sorting, travelling salesman, and scheduling
problems (Hillis, 1990; Neumann and Wegener, 2007; Neumann and Witt, 2010a). We

summarise EAs as follows in Algorithm 1.

Algorithm 1 A General Evolutionary Algorithm Adapted from (Eiben and Smith, 2015)
Require: Objective function f: 5 — V

Require: Initial population Py € S* randomly
1: for each generation number t € Ny do

2: for each i € [A] do

3: Evaluate each candidate x € P, by querying f(x)
4: Select parents from P,

5: Mutate the resulting offspring

6: Evaluate new candidates by querying f

7: Select individuals for the next generation

A fundamental concept in EAs is the representation of individuals, which typically distin-
guishes between the genotype (the encoded form) and the phenotype (the actual solution).
In pseudo-Boolean optimisation, the genotype and phenotype often coincide and are rep-

resented as bitstrings (Doerr and Neumann, 2020).

EAs contain two primary processes: variation and selection (Béck et al., 1997; Eiben and
Smith, 2015). Variation generates new individuals by applying random transformations to
existing ones. The two principal variation operators are mutation and recombination (or
crossover). Mutation modifies parts of the genotype to introduce new individuals. There
are two commonly used mutation operators. The first commonly used mutation operator

for bistrings is the 1-bit mutation, which chooses one of the bits in a bitstring z € {0,1}"
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uniformly at random to flip. Another commonly used mutation operator for bitstrings is
the bit-wise mutation, which independently flips each bit of a bitstring = € {0,1}" with
a small probability x/n, where x € (0,n/2]. These operators are formally described as a
random mapping Mut : {0,1}" — {0,1}", where Mut(x) is the bitstring resulting from
mutating x. Crossover combines the genetic material of two or more parent individuals to
produce offspring and is a defining feature of Genetic Algorithms (GAs) (Béack et al., 1997;
Doerr and Neumann, 2020; Eiben and Smith, 2015). A commonly used crossover operator
is 1-point crossover, which uniformly at random chooses a point i € [n] in the parent
bitstrings and then swaps the bits to the right of that point between the two parents (i.e.,
set z; = x; for j < ¢, and z; = y; for j > 7). There are many other crossover operators,
including k-point (i.e. k& € N) and uniform crossover. For a comprehensive review of

crossover operators, we refer the reader to (Béck et al., 1997).

Selection determines which individuals survive and reproduce based on their solution
quality. Effective selection mechanisms not only promote individuals with high fitness
values but also those with more diverse solutions, such as individuals close in Hamming
distance to the global optimum, and sometimes help escape from the local optimum to the
global optimum (Béck et al., 1997; Doerr and Neumann, 2020; Eiben and Smith, 2015).
Generally speaking, exploration vs exploitation in evolutionary algorithms is controlled by
adjusting selective pressure with respect to the strength of mutation (Lehre, 2010; Lehre
and Yao, 2012). Selection strategies can be broadly categorised as elitist (preserving the
best individuals) or non-elitist (allowing the best individuals to be kept or not). Although
elitist strategies may appear intuitively superior and have better runtime on a certain class
of problems, recent theoretical studies have also demonstrated that non-elitist approaches
can help to escape from local optima (Dang et al., 2021a,c). However, the success of
such strategies depends heavily on appropriate parameter tuning, particularly of the mu-
tation rate (Lehre, 2010). There are other theoretical analyses of elitism and non-elitism

in EAs (Dang and Lehre, 2024; Doerr, 2020; Jagerskupper and Storch, 2007). Note that
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in this paper, we do not make a significant distinction between elitism and non-elitism in

CoEAs to simplify the analysis at this stage.

One of the simplest evolutionary algorithms, and a widely studied baseline in theoreti-
cal analysis, is the (1+1) Evolutionary Algorithm ((141) EA), shown in Algorithm 2. It
presents a minimal evolutionary process involving bit-wise mutation and elitist selection,
using only a single individual throughout the process. In each generation, the current so-
lution generates one offspring via independent bit flips with probability x/n, as previously
described in the bit-wise mutation operator. The offspring replaces the parent if it is at
least as fit; otherwise, the parent is retained. This selection strategy is elitist, guaran-
teeing non-decreasing fitness over time. Despite its simplicity, the (1+1) EA provides a
fundamental basis for understanding the interplay between variation and selection in EAs,
especially when analysing the algorithmic dynamics in pseudo-Boolean optimisation (Doerr
and Goldberg, 2013; Doerr and Neumann, 2020; Droste et al., 2002a; Witt, 2013). Impor-
tantly, the mutation rate x/n is the sole parameter of the algorithm and has a critical
influence on performance. To analyse this algorithm, we use a theoretical tool called drift
theorem, which will be introduced in Section 2.8.1. Moreover, in this thesis, we will also

start our analysis with the simplest (1+1) coevolutionary variant.

Another important class of evolutionary algorithms is the family of population-based
EAs (Corus et al., 2018; Dang et al., 2021a; Doerr, 2020), which maintain and evolve
a set of individuals rather than a single solution. These algorithms apply variation and
selection across the population to enhance exploration and preserve genetic diversity. In
each generation, a new population is generated by sampling offspring according to a dis-
tribution D that depends on the current population. This general structure is formalised
in Algorithm 3, where D : X* — (Q — X) defines a mapping from the current population
to a probability distribution over new individuals, and A denotes the population size. The

population-based framework covers a broad range of classical and modern EAs, including
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Algorithm 2 (1+1) EA
Require: Pseudo-Boolean function f: {0,1}" — R, where n € N

Require: Mutation rate x/n € (0,1/2]

Require: Initial individual z¢ € {0,1}"
1: for 7=10,1,2,... until termination condition met do
2: Create 2’ by independently flipping each bit of x, with probability x/n
3: if f(2') > f(z,) then

4: Set x,41 < 2
5: else
6: Set x,,11 + x,

(1, A) EA and so on.

Algorithm 3 Population-based Algorithm (Corus et al., 2018)

Require: Finite state space X.

Require: Population size A\ € N.
Require: Map D : X* — (Q — X), where the underlying sample space €.
Require: Initial population Py € X*.

1: for 7 =0,1,2,... until termination condition met do

2: for i =1to A do

3: Sample P,y1(i) ~ D(P;).

Compared to single-individual algorithms such as the (1 + 1) EA, population-based EAs
exhibit more complex stochastic behaviour since a population of individuals scales up the
difficulty of the analysis. The underlying stochastic process is less tractable when using
only the original drift analysis. To overcome these challenges, general analytical tools like
the Level-Based Theorem (Corus et al., 2018) have been developed. This theorem provides
a flexible and powerful framework for analysing the expected runtime of a wide class of

population-based algorithms under mild and natural conditions, which will be introduced
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in Section 2.8.2.

2.7 Coevolutionary Algorithms

Traditional evolutionary algorithms (EAs) evaluate individuals using a fitness function that
measures their performance independently within a single population (Eiben and Smith,
2015). However, in Coevolutionary Algorithms (CoEAs), particularly those addressing
adversarial optimisation problems requiring interaction evaluation, such direct fitness eval-
uation cannot be straightforwardly applied. Instead, CoEAs employ interactive fitness
evaluation, whereby the fitness of an individual is assessed relative to its performance
against individuals from other populations. This interdependent evaluation process is a

defining characteristic of CoEAs 4.

CoEAs are typically categorised into cooperative and competitive forms. In cooperative
CoEAs, multiple populations evolve to jointly optimise a common objective, often through
collaboration and decomposition of the problem into subcomponents (Jansen and Wiegand,
2004; Popovici et al., 2012). By contrast, competitive CoEAs model adversarial scenarios
where populations represent opposing agents or strategies, each aiming to outperform the

others in a game-theoretic setting (Popovici et al., 2012).

2.7.1 Cooperative Coevolutionary Algorithms

Cooperative Coevolutionary Algorithms (Cooperative CoEAs) are a class of population-
based search heuristics that aim to solve optimisation problems by decomposing them

into smaller, interacting subcomponents. For example, in pseudo-Boolean optimisation

4In other words, “T'wo individuals are compared on the basis of their outcomes from interactions with

other individuals” (Popovici et al., 2012).
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f(x) = f(z1,...,21,-1,%1,, -, T2k—1,,...) where population ¢ € [n] is responsible for
the bits x;,...x11)k—1, Jansen and Wiegand (2004) consider the division of a bitstring
x € {0,1}" into k separate subcomponents of equal size n/k, i.e. 2’ € {0,1}"/*. Each sub-
component is handled by a distinct subpopulation, and individuals are evaluated based on
their contribution to composite solutions assembled from representatives of all populations.
To analyse the behaviour and performance of cooperative coevolution, researchers often be-
gin with abstract models, i.e., pseudo-Boolean functions of the form f : {0,1}" — R, which
serve as models for some real-world tasks such as neural architecture search or combinato-
rial problems. Additionally, these functions are widely used as benchmarks in the theory
of evolutionary computation. Runtime analysis on specific classes of pseudo-Boolean func-
tions, such as LINEAR FUNCTION, ONEMAX, and TRAP has yielded important insights into
the fundamental behaviour of cooperative CoEAs (Jansen and Wiegand, 2004; Wiegand,
2004).

In most theoretical literature on runtime analysis of evolutionary algorithms on pseudo-

Boolean problems, the optimisation task is framed as follows:

Definition 2.7.1 (Single-objective, static maximization problem (Boros and Hammer,
2002; Droste et al., 2006; Wiegand, 2004)). Let f : {0,1}" — R be a function. The goal is
to find x, € {0,1}" such that

x, € argmax f(z).
ze{0,1}m

Early empirical successes led several authors to suggest that cooperative coevolution could
greatly enhance scalability by decomposing large problems into smaller sub-tasks (Potter,
1997; Wiegand, 2004). Additionally, Potter (1997) also analysed the impact of several
structural problem features on the effectiveness of cooperative coevolution. These include:
the amount and structure of interdependence between subcomponents (i.e., contradictory
interactions); the scale or dimensionality of the problem, and the degree of noise present in

the fitness evaluation process. Potter (1997) showed that as interdependencies increased,
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the advantage of cooperative over standard EAs became more pronounced. For large-scale
functions like Rosenbrock (Potter, 1997; Rosenbrock, 1960), increasing dimensionality ap-
peared to amplify the benefit of cooperative decomposition. However, on noisy landscapes
(e.g., stochastic De Jong functions (De Jong, 1975; Potter, 1997)), cooperative CoEAs suf-
fered due to misleading evaluations. Building on this, Potter and De Jong (2000) proposed
general frameworks for coevolutionary architectures targeting compositional problem do-
mains. Wiegand and Potter (2006) later formalised the concept of robustness in this setting
(robustness is informally described as a component’s ability to perform well across a va-
riety of partner behaviours, i.e., being effective even when other sub-populations change),

introducing criteria to evaluate stability under noise or perturbed representations.

Along with the work above, large-scale optimisation via cooperative coevolution has been
one of the primary motivations for cooperative CoEAs. Yang et al. (2008) proposed the
DECC-G framework, a cooperative coevolution approach designed for high-dimensional,
non-separable problems. Unlike earlier models that assume separability, DECC-G at-
tempted to overcome interdependencies through adaptive decomposition strategies (i.e.,
combining self-adaptive neighbourhood search with differential evolution). Their empiri-
cal results demonstrated that cooperative CoEAs could successfully address certain forms
of non-separable problems that are otherwise difficult for standard EAs. However, the

theoretical understanding of these behaviours remains limited.

A key consequence of these cross-population evaluations is that the rankings of pairs
of individuals are dynamic and can fluctuate over time, potentially leading to cyclic be-
haviours. This makes CoEAs both more intricate and more analytically intriguing than
standard EAs. Neumann et al. (2022) investigated the role of diversity in cooperative
CoEAs. While diversity has been widely recognised as important in evolutionary compu-
tation, its specific effect on cooperative dynamics has only recently begun to be analysed,

mostly from an empirical viewpoint. Theoretical tools for studying this phenomenon in

33



Chapter 2. Background

cooperative coevolution remain underdeveloped and represent an open area of research.

The simplest cooperative evolutionary algorithm is the Cooperative Coevolutionary (1+1)
EA (CC-(1+1) EA). The CC-(141) EA first partition a bit-string into k blocks Iy, ..., I.
Then, the algorithm mutates each block in one iteration and selects the best individual
based on fitness. The algorithm repeats this process until all blocks are updated and
the termination criteria are met. A first rigorous mathematical analysis of cooperative
coevolution was provided by Jansen and Wiegand (2004), who analysed CC-(1+1) EA on

both separable and inseparable pseudo-Boolean functions.

Theorem 2.7.1 (Lower Bound for Runtime of CC-(141) EA on Linear Functions (Jansen

and Wiegand, 2004)). The expected optimisation time of the CC-(1+1) EA on a linear

function with only non-zero weights is Q(nlogn).

Theorem 2.7.2 (Upper Bound for Runtime of CC-(1+1) EA on Linear Functions (Jansen
and Wiegand, 2004)). The expected optimisation time of the CC-(1+1) EA on a linear

function is O(nlog®n).

Their first conclusion is that separability alone is insufficient for speed-up: for perfectly
separable benchmarks such as ONEMAX and LEADINGONES, the cooperative algorithm
exhibits the same asymptotic runtime as a standard (1+1) EA, which is ©(nlogn) (Droste
et al., 2002a). For others, notably functions including TRAP engineered to contain deceptive
interdependencies, the algorithm is provably misled and fails to reach a global optimum with
overwhelmingly high probability, regardless of how long it runs (Jansen and Wiegand, 2004).
Thus, while separability is not sufficient to guarantee success, neither is inseparability
sufficient to guarantee failure (e.g. the runtime of CC-(1+1) EA on LEADINGONES is also
O(n?), the same runtime as (1+1)-EA (Witt, 2006)). What matters is the precise pattern
of cross-component interactions. Note that we tackle an open conjecture left in (Jansen

and Wiegand, 2004) by showing that the expected optimisation time of the CC-(141) EA

34



2.7.  Coevolutionary Algorithms

on a linear function is O(nlogn), a matching upper bound as Theorem 2.7.1 in (Lehre and

Lin, 2023).

Cooperative coevolutionary algorithms have shown promising results across a range of
applications, including modular neural network training, manufacturing scheduling, func-
tion optimisation, and artificial life simulations (Wiegand, 2004). These successes are often
credited to their modular design and parallel search capability, which allows the algorithm
to adapt flexibly to problem structure. However, both empirical and theoretical studies
offer seemingly conflicting insights; some demonstrate clear acceleration (Potter, 1997),
while others show no improvement or even degradation (Jansen and Wiegand, 2004). This
difference arises because such conclusions are often drawn from specific benchmark set-
tings. In practice, cooperative coevolution can lead to genuine speedups, but only when
decomposition yields meaningful sub-tasks and sufficient cross-component diversity is pre-
served. Without these conditions, the cooperative framework may provide limited benefit
or harm performance. Consequently, the question of under what conditions separability
universally accelerates cooperative coevolution remains open, particularly for broader and

more complex problem classes.

2.7.2 Overview on Competitive CoEAs

Competitive Coevolutionary Algorithms (CoEAs) extend traditional evolutionary compu-
tation by introducing adversarial dynamics between two or more populations. Rather
than evolving solutions in isolation, individuals are evaluated through interactions with
opponents, typically drawn from other evolving populations, and such interactions are
determined by a payoff function. This framework replaces absolute fitness with relative
performance. In competitive coevolution, we introduce several game-theoretical concepts
to describe the interactions in the optimisation problems studied. These interactions often

occur in multiplayer games where each player competes with others. Several paradigms
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have been proposed to model such interactions, including the prey—predator model (Gomes
et al., 2014b; Hevia Fajardo et al., 2023; Wiegand, 2004), the learner—evaluator model
(De Jong et al., 2007; Hillis, 1990; Wiegand, 2004), and the host—parasite model (Rosin
and Belew, 1997; Rosin, 1997). In the learner—evaluator setting, evaluators may act as
test cases, and changes in the set of evaluators can affect the apparent ranking of learners

(De Jong and Pollack, 2004).

One of the earliest and most influential demonstrations of competitive coevolution was
presented by Hillis (1990), who coevolved sorting networks with test cases. A sorting
network is a fixed sequence of comparison and swap operations that correctly sorts any
input sequence of numbers, regardless of their initial order (Batcher, 1968). The correctness
of a sorting network is typically tested against a set of test cases, each being a different input
permutation (Batcher, 1968). The problem is particularly challenging because the number
of possible test cases grows exponentially with the input size, making exhaustive evaluation
computationally infeasible. Many real-world adversarial optimisation problems share this
feature: The number of test-cases grows exponentially with the problem size. Moreover, an
exhaustive evaluation against a smaller, randomly sampled subset of test cases could still
be inefficient because designs are unlikely to be evaluated on rare but critical test cases.
Hillis (1990) addressed these challenges by coevolving two populations: one of candidate
sorting networks and another of test cases. This setup allowed the test cases to adaptively

focus selection pressure on the weaknesses of the sorting networks.

In this framework, the fitness of an individual is not static but depends on its performance
against others. Let f : X x )J) — R be a payoff function, where X and ) are the strategy
spaces of two interacting populations. The goal in zero-sum settings is often to find the

maximin strategy:

(z%,y") € argrg{lgryrggf(x,y),

which formalises many adversarial objectives, including those studied in game theory and
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GAN training as mentioned in Chapter 1.

It has been conjectured that the success of competitive coevolutionary algorithms (Co-
EAs) stems from the occurrence of an “arms race”. Wiegand (2004) describes an arms race
as: as behaviour in a coevolutionary system in which changes in one group or population
result in reciprocal, co-adaptive changes in the other groups or populations, and by iterative
application of this process, the system produces increasingly better performing individuals
by an external measure.” Under the competitive framework, such an arms race may emerge
during the evolutionary process (Ficici, Pollack, 1998; Rosin, 1997), potentially facilitat-
ing the discovery of optimal solutions in adversarial optimisation problems. Additionally,
the notion of "arms races" was formalised and extended in several key works (Axelrod,
1987; Ficici, 2004; Rosin, 1997), which positioned competitive coevolution as a promising

approach for open-ended learning and adversarial problem solving.

However, CoEAs may also suffer from pathological behaviours resulting from the same
dynamics, including disengagement, over-specialisation, and cyclic behaviour® (Rosin, 1997;
Wiegand, 2004). Although several empirical studies have investigated these phenomena,
rigorous theoretical analysis, such as runtime analysis of competitive coevolution, remains
largely underdeveloped due to the complexity of the underlying dynamics. These dynamics
often arise in practical tasks, such as density classification in cellular automata (Pagie and
Hogeweg, 2000), and are frequently attributed to intransitivity in the dominance relation
(Watson and Pollack, 2001). We will later provide a simple example illustrating how

intransitivity can lead to cyclic or pathological behaviours.

Ficici and Pollack (1998a) studied the dynamics of arms races in three-player competitive
games. Their empirical results showed that arms races can facilitate the discovery of optimal
strategies, though such dynamics often collapse when one participant becomes significantly

stronger than the others. Key theoretical questions remain open, such as how arms races

5We will discuss these pathological behaviours in Section 2.7.3.
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emerge and how they affect the expected runtime of competitive CoEAs. We address these

questions in Chapter 5.

Recent developments in generative adversarial networks (GANs) (Goodfellow et al., 2020)
have renewed interest in competitive coevolution. A Generative Adversarial Network
(GAN) is a type of machine learning model consisting of two neural networks, a generator
net and a discriminator net, that are trained simultaneously in a game-theoretic setting.
The generator aims to create realistic data (e.g., images), while the discriminator tries to
distinguish between real and generated data, pushing both models to improve over time
in a coevolutionary manner. Successful applications of CoEAs to GAN training have been
reported (Al-Dujaili et al., 2018; Mitchell, 2006; Toutouh et al., 2019). CoEAs share several
characteristics with adversarial models like GANs, including vulnerability to pathological
issues such as focusing, relativism, gradient vanishing, and mode collapse (Al-Dujaili et al.,

2018; Goodfellow, 2017; Popovici et al., 2012).

To better understand these gradient-based algorithms, researchers have investigated foun-
dational adversarial scenarios such as bilinear zero-sum games (Liang and Stokes, 2019;
Mokhtari et al., 2019; Zhang and Yu, 2020). These studies demonstrate that certain
gradient-based algorithms achieve linear convergence in differentiable adversarial prob-
lems®. Apart from gradient-based algorithms, researchers are also interested in less infor-
mative algorithms, including black-box continuous optimisation without a gradient. Miyagi
et al. (2022) investigated the problem of black-box min-max continuous optimisation and
proposed an adaptation of the covariance matrix adaptation evolution strategy (CMA-ES)
using a novel worst-case ranking approximation (WRA) mechanism. Their goal was to
address two key limitations in existing methods: the degradation in convergence rate due

to strong interaction terms (e.g., x' By where x € A,, ;" is strategy for a-player, y € A,,_;

6A bound of |f(xy) — f(z*)| < e can be achieved using only O(log(1/¢)) iterations, where for € > 0 and

x* is the optimum. This is called “linear convergence" with rate O(c¥) for 0 < ¢ < 1.
TAg = {(to, .., ty) € RFT | 8 1, =154, > 0 for i € [K] U {0}}.
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is strategy for y-player and B € R™*™ is the payoff matrix) and the failure to converge
when the objective function lacks Lipschitz smoothness and strong convex-concavity near
the optimum. Their empirical results showed that the proposed method was more effi-
cient in terms of function evaluations under strong interaction terms and could converge on
functions where existing approaches failed. However, as noted in their work, the method
lacks theoretical analysis, particularly regarding its convergence guarantees, and does not
provide a thorough empirical study of how function evaluations scale with dimensional-
ity across a broader class of benchmark functions. Furthermore, the extent to which the
proposed method consistently converges remains unclear. Finally, discrete black-box opti-
misation algorithms are less analysed, including CoEAs in discrete search spaces, such as
X =Y =1{0,1}", where gradients and continuity are not available. This absence of gradi-
ent and continuity information significantly complicates the theoretical analysis. Although
Jensen (Jensen, 2001) made early efforts to analyse coevolution, the work focused on coop-
erative rather than competitive settings. This thesis helps address this gap by providing a
theoretical framework (runtime analysis) for competitive coevolution in discrete adversarial

optimisation as a reasonable starting point.

2.7.3 Classical Methods to Alleviate Pathological Behaviour

While the idea of arms races in evolution is intuitively appealing, it often results in non-
trivial dynamics, especially when caused by pathological behaviours. Rosin and Belew
(1996) identified several failure modes in competitive CoEAs, such as: Disengagement,
where one population becomes too weak to challenge the other; Quver-specialisation, where
individuals exploit narrow strategies that do not generalise well; and Cyclic behaviour,

where improvements are forgotten because strategies go back to earlier states.

Empirical studies have reported a range of complex dynamics in coevolutionary sys-

tems (Ficici, Pollack, 1998; Nolfi and Floreano, 1998; Stanley and Miikkulainen, 2002),
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including continual adaptation without clear progress towards the optimum. One explana-
tion for such behaviour is the presence of intransitive dominance relations in the strategy
space (Watson and Pollack, 2001), where no globally optimal solution exists—e.g., strategy
A may beat B, B may beat C, and yet C may beat A, yielding endless cycles in population
rankings. Additionally, some continual adaptations have been described as "Red Queen"
dynamics (Cliff and Miller, 1995), where species must continuously evolve just to maintain
their relative performance (Solé, 2022; Van Valen, 1973). Importantly, such dynamics are
not inherently pathological: they may simply reflect the ongoing competitive pressures in
an evolving environment, especially in settings like bilinear games where constant improve-

ment is necessary to stay competitive (Hevia Fajardo et al., 2023; Lehre, 2024).

To overcome the pathological behaviours described above, several methods have been
proposed. Notably, Rosin and Belew (1996) introduced a series of techniques for competitive

coevolution in the context of game learning:

e Fach Defeats the Last: The algorithm constructs a chain of strategies by alternately
evolving opponents that defeat the previous strategy in the sequence. According
to (Rosin and Belew, 1996), this can help escape local optima by explicitly train-
ing against increasingly stronger adversaries, albeit potentially reinforcing cyclic be-

haviours.

e Single Counterezamples: This method evaluates a candidate strategy against a chal-
lenger, and if defeated, only the specific counterexample is used for further training.
While efficient in isolating weaknesses, it does not completely address cyclic behaviour

unless counterexamples span the full spectrum of potential opponents.

e Covering Competitive Algorithms: This approach evolves strategies that are robust
against all previously encountered opponents, encouraging generalisation. In the

presence of intransitivity, this method aims to build strategies that can break cycles
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by outperforming entire sets of challengers rather than exploiting niche weaknesses.

In follow-up work, Rosin and Belew (1997) proposed mechanisms for promoting effec-
tive competition between distinct populations while preserving population diversity. Their

techniques which were tested on 3D Tic-Tac-Toe and Nim, include:

o Competitive Fitness Sharing: Competitive Fitness Sharing is a method for assigning
fitness in coevolutionary settings that rewards individuals (prey, Rosin and Belew
(1997) refers to them as hosts) for defeating opponents (predators, Rosin and Belew
(1997) refers to them as parasites) that few others can defeat. Unlike simple fitness,
which just counts the number of victories, competitive fitness sharing divides the
fitness contribution of each defeated predator by the number of prey that also defeated
it. According to (Rosin and Belew, 1997), this encourages diversity and discourages
convergence on the same solutions by giving higher fitness to prey that beat rare or
difficult predators. Essentially, each predator is treated as a limited resource, and
fitness is shared among its conquerors. Rosin and Belew (1997) argued that this is
particularly useful when no single prey can yet defeat all predators, as it promotes

broader exploration of the strategy space.

e Shared Sampling: Shared Sampling is a method designed to reduce computational
cost in coevolution by evaluating each prey against only a carefully selected sub-
set of predators, rather than the entire opposing population. The selection process
uses competitive fitness sharing to prioritise predators that uniquely challenge prey.
Predators are chosen such that each new one adds maximum diversity in the chal-
lenges posed, i.e., it defeats prey that others in the sample do not. Rosin and Belew
(1997) argued that this ensures a representative and diverse subset across all niches
in the parasite population, making evaluations both efficient and effective for evolu-

tionary progress.
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o Archive-Based Method and Hall of Fame: Archive-Based Method is another classi-

cal method. An archive consists of individuals used to evaluate new candidates and
store promising solutions. It is incrementally updated from the current population
(Popovici et al., 2012). According to (De Jong, 2004b), the value of an archive de-
pends on: Generality: The breadth of coevolutionary scenarios in which the archive
guarantees progress; Sensitivity: The ability to detect fine-grained improvements in
learner quality; Efficiency: Resource use, including computational cost and memory.
In particular, Hall of Fame is a memory mechanism in competitive coevolution used
to address the limitations of finite populations, which can easily forget past successful
individuals (Rosin and Belew, 1997). While an unbounded population size naturally
retains strong genotypes through ongoing competition with all previous opponents,
finite populations risk losing individuals that could later be critical for evaluating
progress or resisting regressions. The Hall of Fame aims to resolve this by storing
the best individual from each generation, not for reproduction but for testing. These
elite individuals serve as a persistent benchmark: new candidates must not only defeat
current opponents but also perform well against the historical best. Rosin and Belew
(1997) argued that this discourages overspecialisation and ensures that evolutionary
progress is measured against a broader and more challenging set of opponents. Al-
though performance-based sampling of the Hall of Fame was considered, it was found
to be computationally expensive. Instead, random sampling from the Hall of Fame

is used in practice to maintain a balance between robustness and efficiency.

Phantom Parasite: Phantom Parasite is a mechanism used to prevent stagnation in
competitive coevolution when an undefeatable opponent dominates, leaving the other
population with no useful fitness feedback. It introduces an artificial opponent, not
actually played against, to reward partially capable individuals. In this setup, prey
that lose to any current parasite are treated as defeating the phantom parasite, while

those that beat all current predators are treated as losing to it. Rosin and Belew
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(1997) argued that this design encourages the survival of individuals that can defeat
easier, pedagogically useful predators, guiding selective pressure toward overcoming
harder opponents. By reintroducing fitness diversity and maintaining pressure on the
dominant population, the phantom parasite helps sustain evolutionary progress when

coevolution risks collapsing.

These methods were empirically shown to accelerate the performance of CoEAs on Nim
and 3D-Tic-Tac-Toe by preserving high-quality individuals and avoiding premature conver-
gence. As claimed in (Rosin and Belew, 1997), the combination of multiple mechanisms,
such as Fitness Sharing and Hall of Fame, was essential; omitting any of them led to
significantly increased runtimes. This suggests a potential avenue for runtime analysis of

individual components.

Additionally, Rosin and Belew (1997) introduced the infinite population perspective.
Assuming a continuous population distribution (e.g., a fraction p € [0, 1] playing strategy
s1, and 1 — p playing s,), they applied the replicator equation from Evolutionary Game
Theory to analyse algorithmic dynamics (Rosin and Belew, 1997). However, this model
assumes no genotype extinction due to sampling error, which is a significant limitation.
Tino et al. (2013) further criticised the infinite population approximation by showing that
real evolutionary trajectories cannot be reliably approximated within infinite and simulated
population models. To retain key properties of coevolution under finite populations, Rosin

and Belew (1996) proposed several mechanisms outlined above.

De Jong (2004b) proposed the Incremental Pareto-Coevolution Archive (IPCA) Method,
which is designed to ensure convergence in general CoEAs, albeit with a higher com-
putational cost. Consider two populations: predators (learners in (De Jong, 2004b))
(P € X*) and prey (tests in (De Jong, 2004b)) (Q € V?), evaluated by an outcome
function f : X x ) — R assigning performance scores f(z,y), the performance of x when

playing against y. This approach guarantees the progress with respect to certain solution
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concepts in (De Jong, 2004b).

Another critical approach in competitive CoEAs is the Ideal Fvaluation Method. Ideal
Evaluation in the context of coevolution refers to a method of evaluating individuals based
on all underlying objectives of a test-based problem, rather than using potentially biased
or incomplete approximations (De Jong and Pollack, 2004). De Jong and Pollack (2004)
argued that precise evaluation improves coevolutionary performance, as seen in earlier
works (Hillis, 1990; Juillé and Pollack, 1996; Pollack, 1998; Sims, 1994). However, due to
population size limitations, exact evaluations are often impractical. One of the possible

solutions is to approximate its exact evaluation. Two benchmark problems are considered:

Definition 2.7.2 (COMPARE-ON-ALL).

1 ifVi e N:x; >y
all (967 y) =
—1 otherwise

Here, z is a prey (learner) and y a predator (evaluator), with z; representing performance

in dimension 7.

Definition 2.7.3 (COMPARE-ON-ONE). Let m = argmax; y;. Then:

1 if T = Ym
gone(xu y) =
—1 otherwise

De Jong and Pollack (2004) showed that a limited test set can achieve the same effect as
using all opponents. Based on this insight and competitive fitness sharing (Rosin and Belew,
1997), the DELPHI algorithm was proposed. Empirical results show that it outperforms
other methods such as Competitive Fitness Sharing and its variants on both COMPARE-

ON-ONE and COMPARE-ON-ALL problems.
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2.7.4 Free Lunch Theorem in CoEAs

Wolpert and Macready (1997) revealed fundamental insights into the limitations of tra-
ditional black-box optimisation algorithms, including various randomised search heuristics
(such as evolutionary algorithms and simulated annealing) and machine learning algorithms
(such as supervised learning). They showed that the performance of all black-box optimi-
sation algorithms, when averaged over all possible problem instances, is identical for both
maximisation and minimisation tasks. Droste et al. (2002b) extended the original No Free
Lunch (NFL) theorem to more realistic scenarios by relaxing the assumption that it holds
for all problem instances to only those closed under permutation. Later, Igel and Toussaint

(2005) showed another NFL theorem for non-uniform distributions of target functions.

Recall from Section 2.3, Nash Equilibrium is a widely studied solution concept in adver-
sarial learning and maximin optimisation. It plays a central role in various applications,
including adversarial models such as GANs (Goodfellow et al., 2014; Heusel et al., 2017)

and spatial games (Hemberg et al., 2021; Lehre, 2022; Lehre et al., 2023).

In the context of adversarial optimisation, a ‘free lunch’ refers to the existence of algo-
rithms that outperform others®, when averaged across all possible instances, under a given
solution concept. Wolpert and Macready (2005) demonstrated such a phenomenon for the
maximin solution concept, while Service and Tauritz (2008) established a similar result for
the ‘maximisation over all test cases’ concept. Although the above studies confirmed the

existence of ‘free lunches’ under certain solution concepts, two important questions remain:

(1) Does adversarial optimisation exhibit a ‘free lunch’ for all possible solution concepts?

(2) If Nash Equilibrium is adopted as the solution concept, how can we characterise the
difficulty of black-box adversarial optimisation problems for problem-independent,

possibly randomised, search heuristics?

8In the context of NFL, one compares average case expected runtime/number of queries.
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These will be covered in depth in Chapter 4.

2.7.5 Runtime Analysis of Competitive CoEAs

We argue that runtime analysis offers valuable insights into the behaviour of coevolutionary
algorithms (CoEAs). As a foundational tool in the analysis of traditional evolutionary
algorithms (EAs), runtime analysis provides theoretical bounds on the number of fitness
function evaluations, commonly referred to as the runtime (Doerr and Neumann, 2020).
This approach has proven instrumental in identifying relationships between algorithmic
parameters and problem characteristics that influence the performance of EAs. In this

thesis, we add to the existing runtime analysis of CoEAs.

Despite its importance, rigorous runtime analysis of CoEAs remains under-explored (Popovici
et al., 2012). Jansen and Wiegand (2004) analysed the runtime of a cooperative CoEA and
a (14+1) EA on separable functions. Their results demonstrated that problem separability

does not reliably predict whether a cooperative CoEA will outperform the (1+1) EA.

The first rigorous runtime analysis of a competitive, population-based CoEA was con-
ducted by Lehre (2022). Lehre (2022) introduced a novel level-based theorem for general
coevolutionary processes (see Section 2.8.2.2) and theoretically analysed a population-based
algorithm called PDCoEA, demonstrating that with suitable parameter settings, it can ef-
ficiently compute an e-approximation of a Nash equilibrium for certain pseudo-Boolean
BILINEAR problems. Moreover, the analysis showed that inappropriate parameter settings
render the algorithm inefficient for all problems (i.e. error threshold? for mutation rate).
Besides these, Fajardo and Lehre (2024), Hevia Fajardo and Lehre (2023) and Hevia Fajardo

et al. (2023) explored furthermore in the runtime analysis of competitive CoEAs, including

9Error threshold is a tolerance limit of mutation rate. If the mutation rate is higher than the value of

the error threshold, then the algorithm might take exponential time to reach the optimum (Lehre, 2010).
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RLS-PD (a type of random local search CoEAs), different fitness aggregation methods and
ranking diversity CoEAs on BILINEAR. Moreover, Benford and Lehre (2024a) investigated

competitive CoEAs on symmetric zero-sum games and impartial combinatorial games.

As the first runtime analysis for CoEAs on these games, these results serve as a critical
step towards a comprehensive theoretical framework for coevolution. A crucial gap in the
runtime analysis of CoEAs is the lack of understanding when the payoff in two-player zero-
sum games is binary, i.e., either a win or a loss. This thesis will mainly focus on binary

games.

2.8 Runtime Analysis and Traditional Tools

Runtime is an important performance measure for black-box optimisation algorithms, in-
cluding evolutionary algorithms. The runtime of an EA on a problem instance is usually
defined in terms of the number of objective function evaluations required by the algorithm
to find an optimal solution for the first time (Doerr and Neumann, 2020; Droste et al.,
2006; Lehre, 2012). Runtime analysis is a popular theoretical approach for mathematically
evaluating the performance of EAs and other randomised heuristic algorithms (Doerr and
Neumann, 2020). Many powerful mathematical techniques for runtime analysis of EAs have
been developed. This section introduces some basic techniques, including drift theorems

and level-based theorems.

In optimisation, runtime analysis helps us understand how quickly an algorithm can
find an optimal or satisfactory solution. It provides insights into the efficiency, robust-
ness, and scalability of algorithms. Moreover, it enables us to compare different algo-
rithms theoretically and determine how specific hyperparameters or design choices influ-
ence the performance. Runtime analysis not only provides precise performance guarantees

and guidelines for practitioners to design randomised algorithms but also enhances the ex-
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plainability of heuristic search and black-box optimisation algorithms, including NSGA-II
(Non-dominated Sorting Genetic Algorithm II), MOEA /D (Multi-Objective Evolutionary
Algorithm based on Decomposition) and EDAs (Estimation-of-Distribution Algorithms)
(Dang et al., 2019b; Do et al., 2023; Doerr and Qu, 2023; Witt, 2019; Zheng et al., 2022).
For readers interested in a broader theoretical foundation of evolutionary computation be-
yond the scope of this thesis, we recommend the works authored or edited by Doerr and

Neumann (2020), Jansen (2013b) and Neumann and Witt (2010a).

We first provide formal definitions of the runtime of black-box algorithms for traditional
optimisation and adversarial optimisation. We present an unrestricted black-box model
of traditional optimisation. The following definition assumes maximisation of functions.

Analogous definitions can be made for minimisation.

Definition 2.8.1 (Runtime for single-objective black-box optimisation (Babichenko, 2020;
Droste et al., 2006)). The runtime T of a black-box optimisation algorithm A on fitness
function f : X — R, where X is a finite search space and x; € X is the search point at the

t-th evaluation fort € N, is

Tap:=min{t e N|Vy € X, f(z:) > f(y)}. (2.5)

Next, we construct an unrestricted black-box model of adversarial optimisation.

Algorithm 9 defines a class of algorithms subject to various probability distributions and
samples the new strategy pair based on previous pairs and their payoffs. The initial search
point (zg, o) is independent of the problem, so we can choose any probability distribu-
tion Py to initialise the algorithm. Subsequent strategy pairs are obtained by sampling
subject to the probability distribution Pr). By specifying sample probability distribution
Py, Algorithm 9 represents various black-box optimisation algorithms, including several
adversarial search (also called competitive coevolutionary) algorithms (Lehre et al., 2023;

Wolpert and Macready, 2005) and randomised algorithms such as FINDPSNE (designed to
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Algorithm 4 An Unrestricted Black-Box Model with Unique Query History adapted from

(Babichenko, 2016; Lehre and Lin, 2024b)
Require: Search spaces X', ).

Require: Payoff functions g : X x Y >R, h: X x Y = R;
1: Initialise (xo, yo); Initialise Hy = () and Cy = 0.
2: for ¢t =1,2,--- until the termination criterion met do
3: Choose some probability distribution Py, depending only on I(t) where
I(t) = T2 (2, 95, 9(5, 95), b, 95)) € (X x Y x R x R)
4: Sample a random search point (2, ;) according to distribution Pr.
5: Query the payoffs g(x, y;), h(xe, y;)
6:  if (z4,5) € Hy_q then C, = Cy_y + 1; Hy = Hy_y U {(z4,51)}.
7 else C, = C,_1; H; = H;_;.

learn the NE in bimatrix games) (Maiti et al., 2023). Note that the model only considers
the cost of unique queries made by the algorithm C; (i.e. we check the search point in the
previous query history H, in line 6). We assume that an algorithm which makes the same

query twice is only charged for the cost of one of the queries.

Definition 2.8.2 (Runtime for adversarial optimisation). Given a test-based optimisation
problem G = (X,Y, g, PT) where Pt C X x Y and PT # 0, the runtime T of a black-box
adversarial optimisation algorithm A on an interaction function g : X x Y — R, where
X x Y is a finite search space and (xy,y;) € X X Y is the search point at the t-th evaluation

fort e N, s
Tag:=min{t € N| (z,y) € PT}. (2.6)
As we define runtime, according to (Lehre and Oliveto, 2023), runtime analysis means
that we show how E(T) - expected runtime for first time reaching some target set; and

Pr(T < t) - the probability that the optimum is firstly found within ¢ steps depend on

algorithms and problems.
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2.8.1 Drift Theorems

In the theoretical analysis of evolutionary computation and other randomised search heuris-
tics, most runtime results are derived using a small number of powerful techniques (Doerr
and Neumann, 2020; Lengler, 2018). Among these, drift analysis is one of the most widely
used. Drift theorems provide a method for estimating the expected runtime, as well as tail

bounds on the runtime distribution.

Drift theory is a general term for a collection of theorems that, under certain conditions,
yield runtime guarantees of algorithms. The additive drift theorem was first introduced by
He and Yao (2001), though the result traces back to Hajek (1982). As Krejca (2019) and
Lengler (2018) note, similar results had been proved even earlier in other domains. Several
variants have been developed. A stochastic process is a sequence of random variables!®.
Generally speaking, we consider an underlying stochastic process Y; induced by the dy-
namics of algorithms over the search space S, and a potential function X; := V(Y}), which
describes how far the current search point Y; is from any optima x*. In the additive drift
setting (He and Yao, 2001), the expected drift of current potential (i.e., E(X; — X;11) | Fr))
is bounded by a constant; in the multiplicative case, it is proportional to the current po-
tential from the target (Doerr et al., 2010); and in the variable drift setting (Johannsen,
2010; Mitavskiy et al., 2009), the bound is given by a monotone function of the current

state x;.

Intuitively, a drift theorem transforms the expected drift of a stochastic process at a given
state into the expected time needed to reach a target. More precisely, if we can calculate
the expected drift (or step progress) of a process towards the optimum at each step, we

can derive bounds on how long the process will take to reach the optimum in expectation.

In this thesis, we use a particular formulation of drift theorems to derive expected runtime

10We define a stochastic process in Appendix A.1 (See Definition A.1.8).
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bounds for coevolutionary and bandit-based algorithms, presented as follows.
Theorem 2.8.1 (Additive Drift Theorem (Doerr and Neumann, 2019; He and Yao, 2001)).
Let (Xy)i>0 be a sequence of non-negative random variables with a finite state space S C Ry
such that 0 € S. Let T := inf{t > 0| X; = 0}.
(1) If there exists 6 > 0 such that for all s € S\ {0} and for allt > 0,
E(X:— X1 —0; Xy =s|F) >0,
then E(T) < E(Xy)/d.
(2) If there ezists 6 > 0 such that for all s € S\ {0} and for all t > 0,
E(X; — Xin1 — 6 X =5 | F) <0,

then E(T) > E(Xy)/J.

Theorem 2.8.2 (Negative Drift Theorem (Doerr and Neumann, 2019; Oliveto and Witt,
2012; Rowe and Sudholt, 2012)). For constants a,b,d,n,r > 0, with a < b, there exist
¢ >0, ng € N such that the following holds for all n > ngy. Suppose (Xi)i>o is a sequence of
random variables with a finite state space S C RS and with associated filtration F;. Assume
Xo > bn, and let T, := min{t > 0 | X; < an} be the hitting time of S N[0, an]. Assume
further that for all s € § with s > an, for all 7 € Ny, and for all t > 0, the following

conditions hold:

(1) E(Xt—Xt+1+5,Xt:S’E) SO

(2) Prl|Xy — Xon| 2 j; Xe = s | Fi] <

Then, Pr|[T, < e < e .
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2.8.2 Level-Based Theorems

2.8.2.1 Original Level-Based Theorem

Many population-based algorithms are difficult to analyse due to their stochastic nature
and reliance on sampling rather than strict selection. The level-based theorem provides a
general framework for estimating the expected runtime of such algorithms (Corus et al.,

2018; Dang et al., 2019a; Lehre and Nguyen, 2021; Wegener, 2002).

The core idea is to partition the search space X into a sequence of disjoint subsets, called
levels, denoted Ay, As, ..., A, (Corus et al., 2018; Dang et al., 2021a). Often, the levels will
be defined so that the fitness is monotonically increasing with respect to the level ordering.
We refer to the current level as the maximum level such that it contains a certain fraction
of the population y9A. The theorem then analyses how the population evolves via these
levels over time. The theorem formalises this idea using three sufficient conditions (See
Theorem 2.8.3 for the exact statement). Informally, Condition (G1) ensures that there is
always a non-zero probability of generating an individual in a higher level; Condition (G2)
ensures that the number of individuals in the current level keeps expanding; and Condition

(G3) requires the population size to be sufficiently large to support this expected progress.

When these conditions are satisfied, the theorem provides an upper bound on the expected
number of generations until at least one individual in the population reaches the final level
A, which typically is defined to be the set of optimal solutions. This framework has been
widely applied in the runtime analysis of population-based evolutionary algorithms (Case

and Lehre, 2020a; Corus et al., 2018; Dang et al., 2021b).

Theorem 2.8.3 (Level-based theorem (Corus et al., 2018)). Given a partition (Ai,...
A ) of X and a population P, in Algorithm 3, let T := min{tA | |P, N A,,| > 0} be the
first point in time that the elements of Ay, appear in By of Algorithm 3. Let As; = U/ A;.

If there exist 21, ..., zm-1, 0 € (0,1], and vy € (0,1) such that for any population P € X*,
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(G1) for all j € [m —1], if [P N As;| > v then

P A > 2.
y~D1EP) (y € Asjp1) > 2,

(G2) for all j € [m—2|, and all v € (0,7], if |PNAs;| > YA and |P N Asjp1]| > A then

P A > (146
yNDl(fP)(?JG >jv1) > (1+9)7,

(G3) and the population size A\ € N satisfies

A >

4 128m
n
Y002

5 | » where z, :=min {z;},
)

then B(T) < & 05" (Mn (£225) + 2).

2.8.2.2 Level-Based Theorem for Coevolution

The traditional level-based theorem is used in single-objective optimisation. To take adver-
sarial interaction into account, we need another tool to cope with payoff interaction. Lehre
(2024) extended the original level-based theorem as follows. Informally, Lehre (2024) par-
titions the strategies space into A; x By, -+, A, X B,,, allowing overlaps between each
level. Then, by showing the population satisfying (G1) there exists a non-zero probability
of generating an individual in both next levels A;;; and Bji; (G2a) and (G2b) ensure
the expanding probability in the current and next level; (G3) guarantee a sufficiently large
population size, we can bound the runtime of Algorithm 5 by polynomial runtime in terms

of population size A and number of level m.

Algorithm 5 requires two populations P, Q). At each iteration, a new pair of solutions is
sampled from P, () via the variation operators, including selection and mutation operators.
The population is then updated with this new pair of solutions, and the process continues
until the termination criteria are met. Additionally, we use x; and y; to denote the search

point generated by coevolutionary algorithms at iteration ¢ € N. These stochastic processes
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Algorithm 5 coevolutionary Process (Lehre, 2024)

Require: Population size A € N and strategy spaces X and ).
Require: Initial populations Py € X* and Q, € V.

1: for each generation number ¢t € Ny do

2: for each interaction number i € [\] do
3: Sample an interaction (z,y) ~ D(F;, Q¢).
4: Set Pri1(i) := z and Qu41(7) == y.

track the dynamics of the coevolutionary algorithms, and we will analyse their first hitting

time on the target set (i.e., their runtime).

Theorem 2.8.4 (Level-based theorem for coevolution (Lehre, 2024)). Given subsets A; C

X and B; C Y for j € [m] with Ay := X and By ==Y, let
T :=min{t\ | (P, x Q;) N (A, X By,) # 0}

be the first time step when a pair in A, X B, appears in the population pair (P, Q) of

Algorithm 5 at generation t, where P, € X* and Q, € Y.

Assume that there exist constants z1,...,zm—1 > 0, d € (0,1], and v € (0,1) such that

for any populations P € X, Q € Y*, we define the current level

j := max {2 em]|[(PxQ)N(A; x B;)| > fyo)\Q}.

(G1) For allj € [m — 1], if (x,y) ~ D(P,Q) then
Pr(z € Aji1) Pr(y € Bj) = 2,
(G2a) For all v € (0,7), if 7 € [m —2] and |(P X Q) N (Aj41 X Bj1)| > A2, then for

(z,y) ~D(P,Q),

PI‘(I c Aj+1) PI‘(y c Bj+1) Z (1 + 5)’}/,
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(G2b) For all j € [m — 1], if (z,y) ~ D(P,Q), then

Pr(z € A;)Pr(y € B;) > (14 6)7o,

(G3) and the population size A € N satisfies

1 1+v
A>2 (—) In (T) , where z, := min z; and v > 0,
Y002 2, icfm—1]

then for any constant ¢’ > 1 and sufficiently large X\, the expected time until reaching

A, X By, satisfies

'\ e |
<= 2 E — .
E[T] < 5 (m)\ + 16 2 Zz)

2.8.3 Negative Drift Theorems for Populations

While upper bounds on runtime are a central focus in the analysis of population-based
evolutionary algorithms, it is important to understand situations where these population-
based algorithms (Algorithm 6) are inefficient, specifically, when the expected runtime
becomes exponentially large. The negative drift theorem for populations (Lehre, 2010)
provides a rigorous tool to identify such scenarios. It is particularly relevant for population-

based EAs over a finite state space, such as those described by Algorithm 6.

Intuitively, the negative drift theorem quantifies how a population may consistently drift
away from the optimum due to mutation, selection pressure, and stochastic sampling. When
selection is too weak or mutation is too strong, the population may struggle to retain high-
quality individuals, leading to stagnation or regression. The theorem formally bounds the
probability of reaching a desirable state, such as an optimal solution, within an exponential

time, and shows that this probability can be exponentially small under certain conditions.

Theorem 2.8.5 (Negative Drift Theorem for Populations (Lehre, 2010)). Given Algo-

rithm 6 on X = {0,1}" with population size A\ € poly(n) and transition Matric Py
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Algorithm 6 Population Selection-Variation Algorithm (Lehre, 2010)

Require: Finite state space X.

Require: Population size A € N.
Require: Mutation transition matrix pyu : X — X.
Require: Initial population Py € X*.
1: for t =0,1,2,... until termination condition met do
2: for i =1to A do
3: Choose a parent index [;(i) € {1,..., A}, and set x := P,(1;(7)).

4: Sample ' ~ pou(x), and set Ppyq(i) := 2.

corresponding to flipping each bit independently with probability x/n. Let a(n) and b(n)
be positive integers such that b(n) < n/x and d(n) = b(n) — a(n) = w(lnn). For any
x* € {0,1}", let T'(n) be the smallest t > 0 such that minjey H(P;(t),2*) < a(n), where H
is the Hamming distance. Let Ry(i) == Y} ) 1(1,(jy—i)- If there are constants g > 1 and
0 > 0 such that

(i) E(R(i) | a(n) < H(Py(i),2*) < b(n)) < ag for all i € [A],

(11) ¥ := (In(a)/x +0) < 1, and

mubmyn<mm{;§—§ ¢@—¢ﬁ,

then Pr (T(n) < ™) < =M for some constant ¢ > 0.
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Chapter Three

New Theoretical Tools for Coevolution

This chapter is based on the following publications:

Runtime Analysis of a Coevolutionary Algorithm: Overcoming Negative Drift in
Mazimin-Optimisation (Hevia Fajardo et al., 2023), and Concentration Tail-Bound
Analysis of Coevolutionary and Bandit Learning Algorithms (Lehre and Lin, 2024a),

which are published in Proceedings of the 16th ACM/SIGEVO Conference on
Foundations of Genetic Algorithms (FOGA’23) and Proceedings of the 33rd International

Joint Conference on Artificial Intelligence (IJCAI'24).
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3.1 Introduction

Drift analysis is a powerful technique in understanding the performance of randomised al-
gorithms, particularly in the field of runtime analysis of heuristic search. This introductory
overview draws on key resources in the field (Doerr and Neumann, 2019; Hajek, 1982; He
and Yao, 2001; Jansen, 2013a; Neumann and Witt, 2010b). The majority of existing drift
theorems provide an upper bound on the expected runtime needed to reach a target state,
such as an optimal solution set (He and Yao, 2001). By identifying an appropriate potential
function and demonstrating a positive drift towards the target state, the expected runtime
can be bounded by the reciprocal of the drift multiplied by the maximum distance from

the target state.

A tail bound gives different information about the runtime distribution than the expec-
tation. Both are useful. The focus of concentration tail-bound analysis is on quantifying
the deviation of the runtime of a randomised algorithm 7', from its expected value. By
providing insights into the distribution of 7', this approach offers a more detailed under-
standing of an algorithm’s performance (Doerr and Goldberg, 2013; Kétzing, 2016; Lehre
and Witt, 2021). Concentration tail-bound analysis has gained significant interest due
to its potential for delivering tighter upper bounds on the runtime of various algorithms.
For instance, an exponential tail bound is used to bound the expected runtime of RLS
on separable functions (Doerr et al., 2013). Moreover, in the case of (1+1)-cooperative
coevolutionary algorithms, concentration tail-bound analysis can establish a ©(nlog(n))
bound (Lehre and Lin, 2023), where a previous analysis (Jansen and Wiegand, 2004) using
expectation only led to an O(nlog®n) bound. The concentration tail-bound analysis is also
useful in the context of restarting arguments, for example, see (Case and Lehre, 2020Db).
This more precise runtime estimation can be valuable in optimising and comparing different
algorithms, potentially leading to improved algorithm design and performance (Bian et al.,

2020; Dang et al., 2021a; Doerr and Qu, 2023; Zheng et al., 2022).
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Concentration tail bound is not only used in runtime analysis to help us understand
randomised algorithms, including evolutionary algorithms, but can also be used in regret
analysis of reinforcement learning algorithms. A typical example is the use of concentra-
tion inequalities (such as the Azuma-Hoeffding inequality) to provide precise bounds for
regret. For instance, concentration inequalities are employed in the development of op-
timal UCB family algorithms, which incorporate the concept of optimism in the face of

uncertainty (Auer et al., 2002).

The chapter is structured as follows: Section 3.2 provides a general variance drift the-
orem for analysing CoEAs when coming across negative drift before the equilibrium. In
Section 3.3, we consider a tail-bound version of this variance drift theorem. Next, we
present some applications of the above new variance theorems in Random 2-SAT in Sec-
tion 3.4, Coevolutionary Algorithms in Section 3.5 and Bandit Algorithm in Section 3.6.
We complete our theoretical analysis with experiments in Section 3.7. Finally, Section 3.8

concludes the chapter.

3.2 A New Drift Theorem: Overcoming Negative Drift

Most drift theorems require the process to have, in expectation a positive drift. However,
sometimes the processes studied have a small negative drift, pushing the process away from
the target in expectation. In the following theorem, we present a transformation for such
a process where the variance of the process can be used to counteract the small negative
drift and allows us to apply drift theorems to show that the target is reached efficiently
despite the negative drift. Doerr and Kétzing (2021) use a similar idea to tackle the case
of low drift. Compared with (Doerr and Kétzing, 2021), we use a quadratic transformation

instead of log-transformation to allow the (2 (%) negative drift before reaching the optimum.
Theorem 3.2.1 (Variance drift transformation). Let (X;)ien be a sequence of random
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variables with a finite state space S C R adapted to a filtration (Fi)ien, and let T = inf{t |

X; < 0}. Furthermore, suppose that, given b > 0,

(A1) there exist 0 > 0 such that for all t € N, it holds that

E: (Xep1 — Xo)* = 2(Xe1 — X)) (0— X3) = 6;t < T) >0

Then, given that Y; = b* — (b— X;)? for allt € N

E(Y; =Y —0;t<T)>0.
Proof. We define the process Y; = b? — (b — X;)? for all t € N. For all t < T we determine
the drift of Y;:

Et(n — }/;J+1;t < T) = Et(<b - Xt+1)2 - (b - Xt)Q,t < T)
(0% — 26X 1 + X7y — (b7 — 20X, + X7);t < T)

=E
=E, (X} — X7 —2b(Xo1 — Xy);t < T)
= E( X2 — 22X Xy + X7 — 2X7 + 22X 01X — 26(Xpq1 — Xy);t < T)
=B (X1 — X)) = 2X72 +2X, 1 X, — 26( X1 — Xy);t < 1)
= Ei(Xep1 — X0)® + 2X,(Xps1 — X)) — 26(Xpq — Xy);t < 1)
=E(Xes1 — X0)? = 2(Xop1 — Xo)(b— Xy);t < T)
> .
The final inequality holds since we use Condition (Ay). O

Corollary 3.2.1 (Variance upper additive drift). Let a < 0 and b > 0. Let (Xi)ien be a
sequence of random variables with a finite space state S C R adapted to a filtration (Fi)ien,

and let T = inf{t | X; = 0}. Furthermore, suppose that, given b > 0,

(Ay) there exist 0 > 0 such that for allt € N, it holds that
E: (Xer1 — Xi)* = 2(Xe1 — X)) (b— X3) = 6;¢t < T) >0
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3.3. A Tuail-Bound for a New Drift Theorem

(A) and for allt € N, it holds that a < X; < b

Then,

Eo(b— X7)% — (b— X,)?
Eo(T) < 0<b T) (b 0) ‘
)
Proof. We define the process Y; = b? — (b — X;)? for all t € N again. Notice that Y; = 0 is

equivalent to X; = 0 by using A, condition. Then
T =inf{t | X; =0} =inf{t | Y; = 0}.

We apply a version of the additive drift theorem from (Kotzing and Krejca, 2019, The-
orem 7) on the stochastic process Y; and get the claimed upper bounds for the expected

runtime. L

3.3 A Tail-Bound for a New Drift Theorem

With the development of runtime analysis, researchers have established several concentra-
tion tail bounds for EAs. For example, Lehre and Witt (2021) provides an exponential
tail-bound for the basic (1+1)-EAs on OneMax functions, which is a well-studied bench-
mark function to analyse the performance of EAs. To the best of our knowledge, the current
best general tail bounds for both processes under the additive drift and variance-dominated
processes can be found in (Kotzing, 2016; Lehre and Witt, 2021). Kétzing (2016) shows
that the runtime is at most quadratic in n with probability 1 — p for any p > 0. If we

¢log(c

replace 1/p ) by > 0 and rewrite it in terms of an upper tail bound, then the original

bound becomes that given two constants 1 < ¢ < n,¢ > 0 and for any r > 0,

Pr (T > rn?) < P T (3.1)

Although we have established a tail bound for variance-dominated processes that con-

centrate on the expectation in a polynomial order with respect to r in Equation (3.1), it is
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worth exploring whether a more precise concentration tail bound can be derived for such
processes, such as an exponential tail. A sharper exponential tail bound can improve the

expected runtime estimation and thus provide useful insights into randomised algorithms.

We define the k-th stopping time, also called k-th hitting time, which will be used in later

proofs.

Definition 3.3.1. (k-th stopping time) Given a stochastic process (Xi)i>o on a state space
i R. Let the target set A be a finite non-empty subset of R, and then for any k > 0, we

define T, = min{t > k | X; € A}. In particular, Ty is the first hitting time at A.

We first provide a formal definition of variance-dominated and variance-transformed pro-

cesses.

Definition 3.3.2. (Variance-dominated processes) A sequence of random variables Xo, X, . ..

[0, n] is a variance-dominated process with respect to the filtration Fo, F1, ... if for allt € N,

the following conditions hold:

(1) BE(Xip1 — X¢ | F) > 0;

(2) 36 > 0 such that BE( X1 — X;)* | Fy) > 6.

Definition 3.3.3. (Variance-transformed processes) A sequence of random variables Xo, X7, . .

[0,n] is a variance-transformed process with respect to the filtration Fo, Fi,... if for all

t € N, the following conditions hold:

(1) 0> E(Xip — X | F) > -5

(2) 36 > 0 such that E((X; — X3)* | F) > 6.

This section mainly focuses on random processes which consist of positive, weak (almost

zero) or even a small negative drift with a constant second moment since these processes
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exhibit more complicated dynamics (Doerr and Zheng, 2020; Friedrich et al., 2016; Gobel
et al., 2022; Kotzing et al., 2015). A general polynomial tail bound is provided for these
in (Ko6tzing, 2016), but any general exponential tail bounds for these processes are still

missing.

In the following sections, we exploit the Optional Stopping Time theorem (Theorem A.3.2
in Appendix A.3) to obtain our exponential tail bound. This theorem is crucial for proving
the original additive drift theorem, as highlighted by He and Yao, 2001. This recurrence
method can provide a different perspective to derive the exponential tail bound in runtime

analysis.

3.3.1 A Recurrent Method in Upper Tail Bound

Next, we explore how to derive a general framework for providing exponential tail bounds for
randomised algorithms, including evolutionary algorithms which satisfy certain conditions.
We explore the exit time of X; out of some interval [0, b], using the same set-up as (Kotzing,
2016). In the proof of McDiarmid’s inequality as in (McDiarmid, 1989) also uses the
Hoeffding lemma and conditions on the past events to establish the recurrence. (Doerr and
Goldberg, 2013) uses the multiplicative drift condition directly to build up the exponential
recurrence relation and hence obtain an exponential tail bound. We borrow these ideas to
derive an exponential tail bound for variance-dominated processes. To do this, we introduce
the k-th hitting time of the target state, which is similar in the theorem (Theorem 2.6.2) of
(Menshikov et al., 2016). We combine this recurrent method with the extended Optional

Stopping Time theorem.
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3.3.1.1 Variance Overcomes Negative Drift w.h.p.

We proceed to prove our main theorem by considering the most general variance drift
theorem which overcomes some negative drift. Following the setting of (Hevia Fajardo
et al., 2023), in variance-transformed cases, we focus on the first hitting time of a discrete-
time stochastic process X; at 0 given that X; € [0,b]. The proof of Theorem 3.3.1 uses

Lemma 3.3.1.

Lemma 3.3.1. Let (X;);>0 be random variables over R, each with finite expectation. Let
T be any stopping time of X;. If there exist constants r,n > 0 with respect to j,t such
that for any j > 0, E(]I{T>t}]1{\thXt+1\Zj} | .7-}) < r/(1+mn), then there exists a positive
constant ¢ such that E(|Xt+1 — Xo| - Lyrsy | ]-"t) < ¢ for allt € NU{0}.

Proof of Lemma 3.3.1. Notice that for all T" > ¢,
B(Xees = Xl | ) = [ Pr(Xies = X 25 | F)dj
0

Using the step size condition, we have

& r
< | —T 4
/0 (1+n)

_ r
~ log(1+n)

By using Lemma 3.3.1, we now satisfy condition (4) in the Optional Stopping Time
Theorem, enabling us to proceed with the main proof. Utilising the extended Optional
Stopping Time Theorem, we follow a classic approach for generalisation, which also frees
us from the fixed step size condition and the need for the Azuma-Hoeffding inequality

for sub-Gaussian supermartingales!. We further construct a new stochastic process Y; =

IThe proofs in (Kétzing, 2016) mainly rely on the Azuma-Hoeffding inequality for sub-Gaussian super-

martingales.
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3.3. A Tuail-Bound for a New Drift Theorem

b> — (b — X;)? + dt, connected to the original process and the variance of the drift. By
employing the idea of the k-th hitting time from (Menshikov et al., 2016), we obtain the
upper bound for the k-th hitting time, allowing us to construct the recurrence. We present

the main theorem of this paper.

Theorem 3.3.1. Let (X;)ien be a sequence of random wvariables in a finite state space

S C R adapted to a filtration (Fy)en, and let T = inf{t > 0| X; < 0}. Suppose

(A1) there exist 6 > 0 such that for allt < T, it holds that

E (Xep1 — X0)? = 2(Xep1 — Xp)(b— Xy)) >0
(A2) and for allt <T, it holds that 0 < X; <b.

Moreover, for all t > 0, assume there exist constants r,n > 0 with respect to j,t, for any

j>0, E(]I{T>t}]1{|Xt—Xt+1|2j} | }"t) <r/(1+mn). Then, fort >0, Pr(T > 1) < e~ T0/eb?

Proof of Theorem 3.3.1. For any k € N, we define Ty, = inf{t > k | X; < 0}. Note that for
any k and m, if m < k, then {w € Q | Ty(w) = m} =0 € F,,, and if m > k, from definition
of Ty (consider the process after Xy), then {w € Q | Ti(w) = m} = {w € Q | X;(w) >
0 and X,,(w) < 0fori=k,...,m—1} is in the o-algebra F,, since X is adapted to F.
Thus, T}, is a stopping time with respect to (]:t)tzt)' Since X; has a negative drift, we want
to transform the process to overcome such a negative drift by using variance. We proceed

by defining Y;. Also, we define Z; to connect Y; and T}, to establish the recurrence step.

We would like to apply the extended optional stopping theorem for the random variables
X, Z;. To do so, we first need to prove that the expectation of T is finite and thus the
expectation of T} is finite for any given k. We want to apply the additive drift theorem He
and Yao, 2001 on Y; instead of directly on X;. Note that if X; < 0 and X; € [0,b], then
Y; = 02— (b— X;)? <0. If Y; <0, then v*> — (b— X;)? < 0 which implies that b* < (b— X;)%.
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X; € [0,0] and b — X; € [0, 5], then we have b < b — X, and thus we get X; < 0. We can
see the equivalence of these two events from here. So Y; < 0 is equivalent to X; < 0 from

the definition of Y; and the equivalence of these two events gives
T=inf{t>0|X, <0} =inf{t >0]Y; <0}.
Consider the process Y; = b> — (b — X;)? for all t € N, we have

Ei(Y; = Yia1) = B ((b— Xen)® = (b= X))
=E, (Xf+1 — XtQ —2b (X1 — Xt))
=By (Xis1 — X0)* = 2(Xep1 — Xo) (b — X3))

Using (A;) gives
> 4§ > 0. (3.2)

By the classic additive drift theorem (He and Yao, 2001) on Y;, we can derive the upper

bound for the expected runtime is E(7T) < w. Now, we define another process

Zt = }/t + 5t, then

Et(Zt - Zt+1) - Et(}/;g - (St - }/;5+1 - (5<t -+ 1))
= Et(Y;f - Y;f+1 - 6) > 07

where the last inequality follows from Eq (3.2). Also notice that Y}, Z; are adapted to the
filtration F; and due to X; is finite then E(|X;|) < oco. This implies that E(|Y|), E(|Z:])
are bounded as well for any given t. Then, both Z, and Y; are super-martingales according
to Definition A.1.10. Since we have shown that 7T} is a stopping time, we can apply

Theorem A.3.2 with respect to Z;.
Ev(Zy —Zr,) >0
Substituting Z; gives

Er(Yr + 0k — (Y, +0T%)) >0
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Rearranging the equation gives

Ey(Ye — Y,) > 0B (T}, — k)

Now, note that

0 < (V) = By ( — (b X1, )
=’ — Ek((b - XTk)2)'

Using Jensen’s inequality gives,

< b — (Bx(b— Xg))?

Since E(T) < oo as shown and we have shown Lemma 3.3.1, we satisfy condition (4) in
the extended Optional Stopping Time Theorem. Using the Optional Stopping Theorem

(Theorem A.3.2) on stopping time T} gives,
<b*— (b— Xp)2

So we can see the bounds for E(Yr,) € [0,6* — (b— X},)?] and deduce that b* — (b— X;)? >
E(Y), — Yr,) > 0. By setting

Ep(Yy = Y, b
4]
and using E(Yy — Yr,) > 0E (T} — k), we have shown the following estimate:
E(T, — k| Fx) <0 for some 6 > 0. (3.3)
Taking 6 := eb?/d, we get for all natural numbers k > 0,
E<]1{kak>9} ’ .Fk-) = Pr(Tk — k>0 | ./_';5)

Since T, — k > 0, we can apply Markov’s inequality

< E(Ty — k| F)/6.
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Using Eq. (3.3) gives

< 0k/0
<e (3.4)

Next, we construct a recurrence relation by using Equation 3.4 above. We consider the
intersection decomposition (A similar intersection decomposition can be found in Menshikov

et al., 2016) between event {7y > (k + 1)0} and {7, > kf} by introducing Ty

{To > (k+1)0} = {Ty > kO0} N {Twe > (K +1)0}
={To > kO} N {Try — kO > 0}

Then,
Lr> w10y = Limp>roy - Lit0—ro>0)-

So, we have the recurrence relation:

Pr(Ty > (k+ 1)0) = E(Liny>k+1)0))

= E(Lynysky - Litpo—ro>0})-

Noting that {To — kf > 0} € Fry and use the tower property of conditional expectation,
= E(Lny>k0y E(Limyg—ros0y | Fio))

Using Eq. 3.4 gives

< E(Lizy>key -€")

= Pr(Ty > kf) - e*
By induction, we have

< 6*(/64’1) )
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Then, finally, we derive (rearranging all the terms) for 7 > 0:

PI'(TO > T) < 677—/9

where 6 > eb?/6. O

Our main result (Theorem 3.3.1) allows the increased tolerance of negative drift rather
than non-negative drift tendency and only necessitates a constant second moment of drift,
instead of variance, as outlined in Ko6tzing, 2016. Consequently, we can establish a more
precise exponential tail bound for stochastic processes with a constant second moment of

the drift, even under weak, zero, or negative drift.

3.3.1.2 Standard Variance Drift

This section presents the standard variance drift scenario (Theorem 3.3.2) as a corollary
of Theorem 3.3.1. More precisely, we now restrict to the non-negative drift tendency. We

first define several conditions which will be used later.

(C1*) There exist constants r,n > 0 with respect to j, ¢, such that for any 7 > 0 and for

all t > 0,

E(H{T>t}]l[|Xt*Xt+1|2j} | “Ft) < (1 + n)j'

(C1) There exists a constant ¢ > 0 such that |X; — X;,4| < ¢ for all ¢ > 0.

(C2) E(Xiy1— Xy | F)>0forallt>0.

(C3) There exists some constant § > 0 such that E(X;,; — X;)? | F;) > 6 for all ¢ > 0.
Theorem 3.3.2. Let (Xi)i>o be random variables over Rsq, each with finite expectation,

such that conditions (C1*),(C2) and (C3) hold. For any b > 0, define T' = inf{t > 0 |
X, > b}. If Xp € [b], then E(T) < (b? — X2)/8. Moreover, for t >0, Pr(T > 1) < e~ ™0/e0*,
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Proof. Let us define Y, =n— X, and T:={t >0 | X; >n} ={t >0 Y, <0}. So from
(C2),(C3) we have

Ei(Y; = Y1) 20
E,((Y; — Yt+1)2) >0

This implies that Y; satisfies (A1) in Theorem 3.3.1. Notice that Y; € [0,n] so we set b =n
in Theorem 3.3.1, and thus we satisfy (A2). Now Y, satisfies all conditions in Theorem 3.3.1.

We apply Theorem 3.3.1 to Y; with Y7 = 0, and obtain the desired results. O

Theorem 3.3.2 tells us that under the standard variance drift case as discussed in K6tzing,
2016, we can derive an exponential tail bound for the runtime and such a process exhibits

a high concentration around the expectation.
Now, we present a corollary which consists of the fixed step size condition.

Corollary 3.3.1. Let (X;)i>0 be random variables over Rsq, each with finite expectation
which satisfy conditions (C1),(C2) and (C3). For any b > 0, define T = inf{t > 0| X; >

b}. Given that Xy € [0,b], then E(T) < (b* — X3)/6. Moreover, for 7 > 0, Pr(T > 1) <

677’5/61)2

Proof. This proof is a direct result of Theorem 3.3.2 by using fixed step size condition
(C1). O

Furthermore, we derive a tail bound for the variance-dominated processes with two ab-
sorbing states. Following the setting of Theorem 10 in Gobel et al., 2022, we will prove the

next theorem.

Theorem 3.3.3. Let (X;)i>o be random variables over Rsq adapted to a filtration (F)ien,
each with finite expectation such that (Clx), (C3) and E(Xi1 — X¢ | Ft) = 0 hold. For
any b >0, define T'=inf{t > 0| X; € {0,b}}. If Xy € [0,b], then E(T) < (Xo(b — Xo))/J.
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Moreover, for >0, Pr(T > 1) < e~ 270/e0*,

This proof is similar to Theorem 3.3.1 except that we use a different stochastic process
Y; = Xi(b — X;) + 0t and show that Y; is a super-martingale. Unlike the proof of Theo-
rem 3.3.1, the proof of Theorem 3.3.3 uses the extended Optional Stopping Time Theorem

for super-martingales (Williams, 1991). We defer the proof to the appendix.

3.3.1.3 Standard Drift

If a stochastic process has drift € where € > 0 is some positive constant, then we can give a
different proof for the upper tail bound for additive drift from the proof in Kotzing, 2016.

This provides a more precise exponential upper tail bound.

Theorem 3.3.4. Let (X})i>0 be random variables over R, each with finite expectation which
satisfy condition (C1x) and E[Xyy1 — X | Fi] > € for some € > 0. For any b > 0, define
T =inf{t > 0| Xy, > b}. If Xo € [0,b], then E(T) < % Moreover, for 7 > 0,

Pr(T >71) <e 7/,

We recover the exponential upper tail bound for the additive drift theorem. The bound
we obtain gets rid of the coefficients 1/8¢* in Kétzing, 2016. Theorem 2.5.12 of Menshikov
et al., 2016 provides a similar result and uses a similar recurrence proof idea. While our
result generalises the result in Menshikov et al., 2016 by relaxing the assumption of fixed
step size, we provide a meaningful bound on the first hitting time instead of bounding it

above by infinity.

In summary, we have discovered a simple alternative to the Azuma-Hoeffding inequality
that provides an exponential tail bound by only relying on basic martingale theory. This
result can be applied to the random local search (RLS) type algorithms that make finite

steps at each iteration, as well as other randomised algorithms including evolutionary al-
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gorithms (EAs) that account for the possibility of large jumps occurring. Another benefit

from Theorem 3.3.1 is that it allows the tolerance of the negative drift up to —(1/b).

3.4 Applications to Random 2-SAT & Graph Colouring

In this section, we illustrate our theorems on examples. We consider the examples provided
by (Gobel et al., 2022; McDiarmid, 1993; Mitzenmacher and Upfal, 2005). which include

variance-dominated processes. We first discuss the Random 2-SAT problem.

3.4.1 Applications to Random 2-SAT

The 2-SAT Algorithm is designed to solve instances of the 2-SAT problem, where a formula
consists of clauses and each of them contains exactly two literals (either variables or nega-
tions). In each iteration, the algorithm selects an unsatisfied clause and picks one of the
literals uniformly at random. The truth value of the variable corresponding to this literal
is then inverted. The process is repeated until either we meet the stopping criteria or a

valid truth assignment is found.

Papadimitriou, 1991 firstly provided a time complexity analysis on such a simple ran-
domised algorithm that returns a satisfying assignment of a satisfiable 2-SAT formula ¢
with n variables. Later, Gobel et al., 2022 recovered the results using the drift analysis

tools in Appendix A.4.

By applying Theorem 3.3.2 with a variance bound 1, we can bound the number of function

evaluations of order O(n?) with an upper exponential tail bound.

Theorem 3.4.1. Given any r > 0, the randomised 2-SAT algorithm, when run on a satis-
fiable 2-SAT formula over n € N variables, terminates in at most rn* time with probability

at least 1 — e /e,
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Proof. This proof follows the same proof exactly in (Gobel et al., 2022) except we consider
the tail bound for the runtime. We define X; € [n] to be the number of variables that
the current truth assignment agrees with a satisfying assignment, and 7" is to be the first
hitting time that X; = n. From the proof of Theorem 15 in (Gobel et al., 2022), it has been
shown that the variance bound Var(X,,; — X; | /) > 1 and Pr(Xy 1 = Xy +1 | F) > 1/2
and Pr(Xyy1 = Xy — 1 | F) < 1/2. Thus, we can easily have E((X; 1 — X;)? | F) >
Var(X;11 — X¢ | Ft) > 1 and E(X;41 — X; | ;) > 0. This satisfies conditions (C2) and
(C3) in Theorem 3.3.2. Then we need to verify that the randomised 2-SAT algorithm
satisfies the step size condition. It is easy to see that from Algorithm 16, X, always has
a fixed step size 1 (either backwards or forwards). Then, we have verified the step size

condition and can now apply Theorem 3.3.2 with § = en? to obtain the desired tail bound.
Pr(T > rn?) = e~ /en <emle

The rest of the step follows from the proof of Theorem 15 in (Gobel et al., 2022) and by
multiplying the executed time of the algorithm (i.e. O(n?)), we can conclude the desired

tail bound. O

3.4.2 Applications to Graph Colouring

Now we consider the example of graph colouring which has already been studied by Mc-
Diarmid, 1993 and Gobel et al., 2022. The Recolour algorithm is a method that aims to
generate a 2-colouring mapping, with the condition that no monochromatic edges can be
found. The method assumes a subroutine SEEK which, given a 2-colouring of the points,
outputs a monochromatic edge if one exists. If there are no monochromatic edges, then
the subroutine reports that there are none, and the algorithm terminates. Otherwise, the
algorithm repeatedly picks a point uniformly at random from the given monochromatic

edge and changes its colour.
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Gobel et al., 2022 provides a simpler proof of the O(n*) expected runtime of the recolour-
ing algorithm for finding a 2-colouring with no monochromatic triangles on 3-colorable
graphs. Following the setting and the proof of Gébel et al., 2022, by using Theorem 3.3.3,

we can derive the following:

Theorem 3.4.2. The randomised Recolouring algorithm on a 3-colorable graph with n € N

vertices, terminates in at most rn* with probability at least 1 — s for any r > 0.

Proof. This proof follows the proof in (Gobel et al., 2022) except we consider the tail bound
for the runtime. We first fix a 3-colouring of this given graph, two colours out of three and
a set of vertices which consists of these two colours. We first fix a 3-colouring of the given
graph, choose two colours from the three, and consider the set of vertices that are assigned
one of these two colours. Let m denote the size of this set, and define Y; € [m] as the number
of vertices in this set whose colour at iteration ¢ € N, under the 2-colouring produced by
the Recolour algorithm, matches their colour in the original 3-colouring, restricted to the

two chosen colours. We define the first hitting time by 7" := inf{t > 0 | ¥; = 0 or m}.

It has been shown in the proof of Theorem 14 in (Gé&bel et al., 2022) that the runtime
of Recolour can be upper bounded by the time it takes the algorithm to find a valid 2-
colouring on the selected subset of vertices, such that no edge between these vertices is

monochromatic. Therefore, we focus on analysing the tail bound of T". It has also been

shown in (Gébel et al., 2022) that for s € [m]\ {0, m},
Pr(Vi =Yi+1|Yi=s)=1/3

Note that we can compute the drift and the second moment of the drift

1 1 1
EY, =Y |Yi=s)=1x o+ (-1)x - +0x 3

3 3 3
=0

1
B((Y: = Yia)* [ Vi =) =1 x 5+ (=1)" x

Wl
[GSH )
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Now, we satisfy condition (C1*), (C3) and zero drift condition in Theorem 3.3.3. Notice
that Yo(m — Yy) < m?/4 since Yy € [m] and this attains the maximum when Y, = m/2.

Also, as the definition of m, we have m < n. Thus, we derive the following

Moreover, for any » > 0, we have

—4r

Pr (T > rnz) < 2?5 en? < g3,

The rest of the step follows from the proof of Theorem 14 in (Gobel et al., 2022) and by
multiplying the executed time of the algorithm at each step (i.e. O(n?)), so we finish the

proof. ]

3.5 Applications to coevolutionary algorithms

Next, we consider a slightly more complicated example, which is about coevolutionary
algorithms (CoEAs). Competitive coevolutionary algorithms are designed to solve MAX-
IMIN optimisation problems or adversarial optimisation problems, including a typical class
of problems: two-player zero-sum games. There are various applications, including CoEA-
GAN (Al-Dujaili et al., 2018), competitive coevolutionary search heuristics on cybersecurity
problems (Lehre et al., 2023) and enhancing GAN by using the coevolutionary approach

for image translation (Shu et al., 2019).

We are interested in whether competitive CoEAs can help us find the Nash equilibrium
efficiently. We use the formulation in Nisan et al., 2007 to define Nash equilibrium rigor-
ously. In this dissertation, we only focus on Pure Strategy Nash Equilibrium (abbrev. NE)
defined in Definition 2.3.1.

Inspired by the Nash solution concept, Lehre, 2022 has defined the following pairwise
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dominance relation and embedded it into a population-based CoEA (details can be checked

in Lehre, 2022).

Definition 3.5.1 (Pairwise dominance). Given a function g = X x Y — R and two pairs

(x1,y1), (T2, y2) € X x Y, we say that (x1,y1) dominates (xa,y2) with respect to g, denoted

(z1,91) =g (22,92), if and only if g(x1,y2) > g(@1,91) = g(@2,y1).

There is a single-pair CoEA called Randomised Local Search with Pairwise Dominance
(RLS-PD) (Hevia Fajardo et al., 2023). We will also compare both single-pair CoEA and
population-based CoEA in Chapter 6 later. In this chapter, we use RLS-PD to illustrate
how to use our new drift theorem. It has been shown that RLS-PD (Algorithm 18) can find
the NE of a simple pseudo-Boolean benchmark called BILINEAR in expected polynomial
runtime. The stochastic processes induced by the randomised local search with pairwise
dominance (RLS-PD) on the BILINEAR problem are exactly a variance-transformed process.

We use Theorem 3.3.1 to show the exponential tail bound for the runtime.

Algorithm 18 samples a search point (a pair of points (x1,%;)) uniformly at random. In
each iteration, Algorithm 18 uses the local mutation operator to generate a new search
point. If the new search point pairwise dominates the original search point in a pairwise-
dominance manner, then the original search point is replaced by the new one. Otherwise,

the original search point remains the same.

3.5.1 The BILINEAR Problem

In this section, we consider a simple class of discrete MAXIMIN benchmark called BILINEAR,
which was first proposed by Lehre (2022). In this work, we use a variation of BILINEAR
as (Hevia Fajardo et al., 2023) (Definition 2.5.3) to simplify our calculation and illustrate

applications of our main theorem.

We consider OPT as our solution concept, which defines the optimal solution for this
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MAXIMIN optimisation problem. We focus on the problem setting a = 1/24+0O(1/4/n) and
B =1/2+£0(1/y/n), as considered in (Hevia Fajardo et al., 2023). This setting represents
one of the simplest cases (with the help of the genetic drift towards the optimum), making
it a natural starting point for theoretical analysis. Despite its simplicity, the behaviour
of RLS-PD in this regime still exhibits non-trivial cyclic dynamics that are challenging to
analyse. To better understand the drift (see detailed discussion of drift in Section 2.2)
induced by RLS-PD in such settings, we introduce a new drift theorem (Theorem 3.2.1)
tailored to capture its stochastic behaviour. From the perspective of classical evolutionary
computation, RLS (Randomised Local Search) is one of the most fundamental algorithms:
it selects a single bit uniformly at random to flip and accepts the resulting solution if it does
not worsen fitness. Studying RLS-PD, a simple variant of RLS adapted to game-theoretic
settings, can therefore provide valuable insight into the interplay between evolutionary
computation and game-theoretic setting. Next, let us derive the exponential tail bound of

RLS-PD for finding the Nash equilibrium.

3.5.2 RLS-PD solves BILINEAR efficiently w.h.p.

Theorem 3.5.1. Consider a € [1/2 — A/\/n,1/2+ A/\/n] and 5 € [1/2 — B/\/n,1/2 +
B/+/n|, where A, B > 0 are constants and 3(A+ B)? < 1/2— ¢ for some constant &' > 0.
The expected runtime of RLS-PD on BILINEAR, g is O(n'®). Moreover, the runtime is at

most 2rn'5, with probability at least 1 — e=*") for any r > 0.

Proof. This proof follows the proof in (Hevia Fajardo et al., 2023) except we consider the tail
bound for the runtime. We define 7" := inf{t > 0 | (z+,y;) € OPT} = inf{t > 0 | M; = 0},

where (z¢,y;) are the current solutions of RLS-PD and 0 < M; < n(a+ ) < 2n is defined
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in Definition A.4.1. Let b = 2(A + B)y/n + 1 and a new potential function defined by

V¥ —(b—2x)? ifx<2A+ B)/n
h(z) =

v —(b—2x) ifx>2A+B)n
where x € R. It has been shown in the proof of Theorem 3.1 in (Hevia Fajardo et al.,
2023) that for every generation t < T, the drift of h(M;) is lower bounded by §(M;) and

(M) > ﬁ := 01, where

01 if © <2(A+ B)yn
d(z) =

e=(EBVRif > 2(A+ B)yn

2n
and z € R. Due to the piece-wise drift, we cannot directly apply our variance drift theorem
(tail bound). To derive the exponential tail bound for the runtime, we divide the analysis

into two phases. We define

Tohaser := inf{t > 0| M; < b given My > b}.

Note that T = inf{t > 0 | M; = 0} = inf{t > Typaser | My = 0}. So we define Tppase2 =

T — Thhaser- From the definition, we can bound Tjpase2 from above by the first hitting time

T hase2 = Inf{t > 0| M; =0 given My =b— 1}.

p

From the drift condition above for the case M; < 2(A + B)y/n, we satisfy (Al), (A2) in
Theorem 3.3.1 and the step size condition directly follows from the fact that RLS-PD only

makes one step jump at each iteration. By applying Theorem 3.3.1, we get: for any r > 0,
PI’(T/ > rn1'5) < efrn1‘551/e(b71)2.

phase2 —

Taking 6; = ﬁﬁ and substituting b = 2 (A + B) /n + 1 give

Tn1'5 1
v
< . n
= &P < de(A + B)2n>
r Q)
< —_— | = ,
—eXp( 8e(A+B)2) ¢
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Then, we consider the tail bound for Typaser. Let hyayx := b* — b+ n(a + 3) = O(n). We
use Theorem 3.3.4 by setting X; = hupax — h(My) for t < Thpaser- The drift for X; is at least

01. So we have the tail bound
Pr(Tphasel > T‘nl'B) S e_rnl'sél/Ehmax

Taking §; = ﬁ and substituting hpa., = 0% — b+ n(a + 3) give

o
rntd Lo
2y/n
< _
= OXP < e (b? —b+n(a+5))>
= e U,

Note that {T > 2rn'®} C {Tphaser > 11} U {Tpnase2 > rn'*}. The union bound gives

Pr (T > 2rn1'5) < Pr (Tphasel > rn1'5) + Pr (Tphaseg > rn1'5)

Note that T}.0 > Tphasez and thus we have {Tjpasez > 707} C {Tp 000 = 70"}, Substi-

tuting the bounds gives

< 27N — =),

This completes the proof. O

Theorem 3.5.1 shows that RLS-PD can find the Nash Equilibrium in O(n!%) with over-
whelmingly high probability. An exponential tail bound provides a stronger performance
guarantee up to the distribution of the runtime rather than the sole expectation. This is

one of the direct applications of Theorem 3.3.1.

3.5.3 RLS-PD forgets the Nash Equilibrium w.h.p.

After the algorithm finds a Nash Equilibrium efficiently, the algorithm not only forgets
the Nash Equilibrium found but also moves away from it by a distance Q(y/n) in O(n)

iterations w.h.p. This is shown by the following theorem.
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Theorem 3.5.2. Let « = 1/2+A/\/n and § = 1/2+B/\/n, where A, B > 0 are constants.
Consider RLS-PD on BILINEAR,, 3. For any initial search point (zo, o), the expected time
for the search point to first move away from OPT by a Manhattan distance of at least
(A+B)y/n is O(n). Moreover, the runtime is at most rn, with probability at least 1 — e~

for any r > 0.

Proof. This proof follows the proof in (Hevia Fajardo et al., 2023) except we consider the
tail bound for the runtime. Define T := inf{¢ | M; > (A + B)+/n}, where M, is the current
Manhattan distance to the set OPT. We assume My < (A + B)y/n. Otherwise, we reduce
to the trivial case with 7' = O(1). We would like to show E(7") < O(n). It has been shown

in the proofs of Lemma A.4.1 in Hevia Fajardo et al., 2023 that for every generation ¢t < T,

M, — (A+ B)y/n
2n

E(Mt—Mt+1— ,t<T|Mt>ZO

We cannot directly use additive drift on Y; := (A+ B)+/n— M, since the drift E;(Y; — Y; 1)
can potentially be negative. Instead of using additive drift, we use the variance drift
theorem (Theorem 3.3.1) to show the runtime with the tail bound. Let a = 0,0 = (A +
B)y/n and Y; as defined above in Theorem 3.3.1. As shown in the proof of Theorem 4.1 in
Hevia Fajardo et al., 2023,

By (Yo = Yi)? = 2(Ye = V) (b= Vo)t < T)
1 2(A+ B)
2 Vn

For sufficiently large n, there exists a constant d; > 0 s.t.

>

> 9.

The expected runtime is E(T) = O(b*) = O(n). For the worst case Yy = b and 7 = rn, we

get the tail bound: for any r > 0,

Pr(T > rn) <exp (—T;?)
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Taking constant d, > 0 and substituting b give

B _rn: 09
= exp (A+B)m
= ¢ 90,

To conclude, in competitive coevolution, we can see that even though the algorithm can
find the optimum in polynomial runtime, it can still suffer from evolutionary forgetting
(i.e. forget the optimum found in previous iterations) with high probability. So, only the
expected runtime estimate might not be sufficient to determine whether a coevolutionary
algorithm is good or not. The current runtime analysis highlights a weakness of RLS-PD.
Additionally, other performance measures may be necessary to study such algorithms with
complex dynamics, such as regret. It remains unclear under which conditions RLS-PD or
other variants of coevolutionary algorithms stay within a close neighbourhood of NE. We
conjecture that RLS-PD might move O(y/n) away from NE and then move back to NE and

keep such a looping.

3.6 Applications to Regret Analysis of Bandit Learning

We first briefly introduce bandit problems. We have K decisions or "arms", where we obtain
the corresponding reward ! when we choose one specific decision at each iteration ¢. The
goal of the bandit algorithm is to maximise cumulative reward among a time horizon T’
(ie., 320, %) (Lattimore and Szepesvari, 2020; Sutton and Barto, 2018). In other words,
we want to minimise the opposite quantity (regret), which is the difference between the
reward of the chosen arm and the optimal arm at each iteration. We provide a formal

definition of regret as follows.
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Definition 3.6.1 (Larcher et al., 2023; Lattimore and Szepesvari, 2020). Given time hori-
zon T, each arm a is associated with a probability distribution D(a), which we assume to be
over [0,1] and for which the mean is denoted as j1(a); whenever arm a is pulled, the agent
receives a reward distributed according to D(a). The regret (missed reward) of the agent at
round t € N is defined as Ry = 1o+ — 1q,, where a; is the arm chosen at round t, r, is the
reward obtained from reward distribution D(a) and a* = argmax,c(x] jt(a). The goal of the

agent is to minimise the total regret R = Zthl Ry or the total expected regret E(R).

In this dissertation, we focus on the non-stationary 2-armed bandit problem, in which
the reward distributions may swap over time and K = 2. More precisely, the agent receives
a reward according to a reward distribution D(a;) by pulling arm a; and another reward
according to distribution D(az) by pulling arm as. We assume these two distributions
D(ay),D(ay) are fixed and they will swap if there is a change occurs along the time horizon.
To simplify the calculation, we assume these distributions over [0,1]. We present the
application of our drift theorem (concentration tail bound) on regret analysis of a simple

reinforcement learning algorithm for such a bandit problem.

We consider the pseudocode from (Larcher et al., 2023).

Algorithm 7 Random Walk with Asymmetric Boundaries (RWAB)

Require: Time horizon T', number of changes L, two arms a;, a; and Challenge probability

p=+/L/T.

1: Set at < a; and a= < as.

[\

: fort€{1,2,...,7} do

@

Set (a*,a”) « Challenge(a™,a™) with prob. p.

4: Otherwise pull a* once.
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Algorithm 8 CHALLENGE

Require: Two arms a™,a~
1: Set S « 0.
2: while —/T/L < S <1do

3: Pull both a™ and a~ once and observe rewards »+ and r~.

>

Update S < S +rt —r~.
5: if S > 1 then

6: return (a*,a”) otherwise return (a™,a")

Note that RWAB is designed to balance the exploration and exploitation for non-stationary
bandit problems. RWAB mainly relies on the CHALLENGE operator to determine which arm
we prefer to pull or whether we swap the arms. The CHALLENGE operator is designed to
use the random walk of action value S on [—/T/L, 1]. Larcher et al., 2023 shows that the
expected regret of RWAB is © (\/ﬁ ) where 7' is the time horizon and L is the number
of changes. We want something stronger to provide more performance guarantees for the
regret of RWAB, i.e. a concentration tail bound for the regret estimate. We would like to

characterise the distribution of the regret.

Next, we present the main theorem for the regret of RWAB algorithm. In this theorem,
we assume L = o(7T"). We need some important definitions used in the analysis of the RWAB

algorithm here. Following the definitions used in (Larcher et al., 2023), we define

Definition 3.6.2. We say that a™ swaps or we have a swap if in the call of CHALLENGE, the
value of a™ changes. A swap is called a mistake when a™ = a* at the start of CHALLENGE
and no change of the underlying distribution of the rewards (abbrev. change) occurs while

the CHALLENGE was running.

Definition 3.6.3. An era denotes the time between two consecutive changes in the reward

distribution. A sub-era is an interval in which both the underlying reward distribution and
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the arm a™ remain constant. We use L to denote the number of eras and M denote the

number of sub-eras.

Theorem 3.6.1. With probability at least 1 — 2% for any € > 1, the regret of Algorithm

RWAB is at most 480e(L + v LT).

Proof. This proof partially follows from the proof in (Larcher et al., 2023) since we need to
deal with the tail bound of the product of multiple random variables. We use era/sub-era
defined in Definition 3.6.3 and swap/mistakes defined in Definition 3.6.2. We have L eras
since there are L changes from the problem setting, and we let M denote the number of

such sub-eras.

Following the analysis of (Larcher et al., 2023), we divide the proof into four parts. We
denote the action value S by S; at iteration ¢ in Algorithm 8. Define 7, as the hitting time
of +1 in Algorithm 8, i.e., the minimal ¢ > 1 such that S; > 1. Similarly, for s = \/T_/L,
define 7_4 to be the minimal ¢ > 1 such that S; < s. Denote the difference of rewards per
iteration by R, = r* —r~ € [—1,1] and the expected regret is A = |E(R;)| € (0,1] (the
expectation over the reward distributions). Since two reward distributions are fixed from

the problem settings, we can see A is some constant in (0, 1].

We denote the initial position by Sy and S; € (—s,1) for all ¢ < min{7_4,71}. To
simplify the calculation, we overestimate the regret per iteration simply by R; < 1. We

also define the accumulated regret for each case denoted by R; for all i € [4] in Section A 4.

(1) We first estimate R4. In this case, we accumulate regret only when running CHAL-

LENGE with a™ = a*.

The CHALLENGE breaks if either S; hits +1 or —s. To simplify the calculation,
we only estimate the time when S; hits +1 in the following analysis. By applying

Theorem 3.3.4 to S; with E;(S;11 —S;) > A > 0, we have 7,1 is at most @ with
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probability at least 1 — exp ( ’a ISO)> > 1—e % for any § > 0. In other words, a

CHALLENGE lasts at most % d/e

with probability at least 1 — e™°/¢ for any 6 > 0.

: 5(1=Sp) __ 6(1—So)
Note that the regret per CHALLENGE is 1 - =% = =

. From Algorithm 7, we
start a CHALLENGE with probability \/; We denote the number of CHALLENGE
by Z and Z is subject to a binomial distribution Bin(7, \/%) By a Chernoff Bound,

we obtain for any ¢ > 0,

Pr (Z > (1+ 5)\/LT) < e~ VIT/(249), (3.5)

Using the union bound with {Ry > 6(1 4+ d)(1 — So)VLT} C{Z > (1+§)VLT} U

&(

1-S0)
{T41 > —0} we can derive

1 — 2VIT
Pr (Rl S 5(1 +5)%\/LT) Z 1-— 6_g — 6_52\'{‘;. (36)

Next, we estimate Ro. Recall an era is defined in Definition 3.6.3. As CHALLENGE
breaks if the S; hits either +1 or —s. To simplify the calculation, we only estimate
the time when S; hits —s in the following analysis. By applying Theorem 3.3.4 to
X; = s+ S; (for the case that 7_y < 71). The time a CHALLENGE breaks is, at most

(s+§°) with probability at least 1 — exp < M) > 1— e/ for any § > 0. Note

€s

(5(8+So) _ §(S+S())
A - A

that in each era, the regret accumulated is at most 1 - . And we have

L eras as defined. So we derive with Sy € (—s,1) and s = \/T/L,

Pr (RQ < WL) >1 et _ o (3.7)

We then estimate R3. Recall the sub-era, is defined in Definition 3.6.3. To simplify
our analysis, we overestimate R3 by assuming we accumulate regret at most 1 at each
step during this phase. We define K to be the number of such steps in which we start
a new CHALLENGE that ends the sub-era when no CHALLENGE is active. We intend

to show for any 0 > 0, we have

Pr (K > % "T/L> < e U0) (3.8)
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To see Eq. (3.8) holds, note that by Lemma 1.1 (ii) in Larcher et al., 2023, each

A

CHALLENGE has probability at least 5

of reaching —s before +1 and thus end the
sub-era. Recall that RWAB runs CHALLENGE with probability \/L/_T at each step.
So, the probability of starting a new CHALLENGE that ends the sub-era, when no
CHALLENGE is active, is at least p := %\/L/_T We can see K ~ Geo(pg) where
px > p. We define K’ ~ Geo(p). By Lemma A.4.2, we have K’ = K, and thus

E(K) < E(K’) = 1/p. We compute the following by using the fact that K’ > K. For

)

any r > 0,
Pr(Kzf>§Pr(K’z

We set ¢ :=1—pe€ (0,1) and K’ ~ Geo(p).

<> ¢

3
3

k=r/p
Geometric series gives
. qr/p
1—q
This gives
- qT/p.
Using ¢* = e*"(@ gives
— erin(a)/p
1
In (Tp)
=exp | ——%r
p

Nan
We define f(p) := : (;‘p) and note that f(p) > 1 for any p € (0,1). Thus, we can

conclude that
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This completes the proof of Eq. (3.8). Then, the number of such steps K is thus

120 AT/ Y with probability 1 — e™®, which is exactly Eq. (3.8). So the regret

1264/T/L
A

at most
contributing to R3 is bounded by 1- for each sub-era with probability at least

1—e9.

For the number of sub-era M, from Lemma 2.1 in Larcher et al., 2023, we have
M < 2L + 2N where L is the number of changes and N is the number of mistakes?.
Note that at each step there is a probability \/L/_T of starting a CHALLENGE and by
Lemma 1.1(i) in Larcher et al., 2023, “this CHALLENGE has probability 2,/L/T of
ending with a mistake”. Thus, N is stochastic dominated by Bin(T, \/L/T-2\/L/T) =

Bin(7, 2¢). By a Chernoff bound, we have for any § > 0,
Pr(N > (14 6)2L) < e~ 2107/(2+0),

Note that M < 2L + 2N implies that {N < (1 +0)2L} C {M < 2L+ 4L(1+9)}.
We deduce that

Pr(M < 2L +4L(1+6)) > Pr(N < (1 + 0)2L)

Z 1 — 6_2L62/(2+6). (39)
Using R3 = M - Regret/per sub-era, we can obtain

pe (s > 22602 23T

Notice that {R3 > 2L(3+26)-126\/T/L} C {M > 2L(3+26) }U{Regret/per sub-era >
126,/T/L

A

}. We denote Regret/per sub-era by ). Using Union bound gives

<Pr(M > 2L(3 + 25))

. (Q . 125\A/T/L>

2This is defined in Definition 3.6.2.
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Using Eq. (3.8) and Eq. (3.9) gives

<o2L82/(246) 4 =5

In other words, we obtain

VLT 2
Pr (R3 < 246(3 + 25)T> > 1 — e /) _ o0 (3.10)

We finally estimate R4. In this case, “each sub-era with a®™ # a* consists of several
CHALLENGE which hit the 41, but one hits —s to end the sub-era. Since this happens,
a™ is swapped, and then by definition, the sub-era ends Larcher et al., 2023”. Consider
the steps in which a random walk with negative drift —A towards —s is reset to 0
whenever it goes above +1. By applying Theorem 3.3.4 to estimate the 7_, with
drift A towards —s, we have the total number of steps spent inside each sub-era

is at most 2 with probability 1 — e~%+50)/¢ for any § > 0. Since each step

5(s+S0)

A
costs at most 1, the regret is at most W with probability 1 — e~9(s+50)/¢ Recall
that we derive the tail bound for the number of sub-era M in Eq. (3.9) and that
R4 = M -Regret/per sub-era. Using Union bound with {R4 > 26(3+420)(s+Sy)L} C
{M > (34 2§)2L} U {Regret/per sub-era > 5(%50)} and Eq. (3.9), we obtain

~ d(s+Sq)
€

Pr <R4 < 26(3 4 29) (s ZSO)L) >1—¢ 25 —¢ (3.11)

By taking § = v/Ac for any € > 1 in Eq. (3.6), we can deduce that §(1+4) = §+6% <

2e since A is some constant in (0, 1]. Thus, we can obtain
Pr (Rl < 28\/ﬁ) > 1 — Qe VEle
Using 6 = vAe < ¢ for e > 1 in Eq. (3.7) gives
Pr <R2 <e(L+ \/ﬁ)) > 1 — e VEle
Using §(3 + 20) = 36 + 26? < 5¢ in Eq. (3.10) gives

Pr <R3 < 1205\/LT> > 192 VF
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Using 20(3 + 20) = 66 + 46? < 10¢ in Eq. (3.11) gives

Pr <R4 < 10e(L + \/LT)) > 1 - 2e Vel

Above all, the total regret R consists of R, Ra, R3, R4s. We define the following

event:
E :={R < 480¢(L + VLT)}
= {24: R; < 480e(L + VLT)}
i=1
Considering the complement of Event E and using the tail bound for each R; give

Pr (R > 480e(L + \/ﬁ))
480e(L + ﬁ))

<Pr (At least one R; > 1

Using tail bound for regret of each stage, we obtain

< max{2e V¢ 2e7VE}
—2¢ Ve,

O

From Theorem 3.6.1, we can say that RWAB Algorithm has regret at most order O (\/ LT)
for a 2-armed non-stationary bandit problem w.h.p. By using minimax lower bound

(Bubeck, Cesa-Bianchi, 2012), any algorithm on K-armed stationary bandit problems

vV Kn
20

has regret at least for time horizon n. In particular, for K = 2, the lower bound
for the expected regret of any algorithm on bandit stationary bandit problems is Q(y/n)
for time horizon n. It has been shown in (Larcher et al., 2023) that by considering
L changes and each change of average steps T'/L, RWAB has expected regret at least
Q (L- T/L> = Q (\/ﬁ ) Theorem 3.6.1 confirms that RWAB is optimal with over-

whelmingly high probability, and we propose a new perspective of analysing such a bandit
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algorithm by using drift analysis, which is rarely employed by the reinforcement learning

community.

3.7 Experiments

To complement our asymptotic results with data for concrete problem sizes, we conduct

the following experiments.

3.7.1 Empirical Investigation of RLS-PD on BILINEAR

Settings: We conduct experiments with RLS-PD for the MAXIMIN BILINEAR problem.
The problem setup is (a, 8) € {(0.5,0.5),(0.3,0.3),(0.3,0.7),(0.7,0.3), (0.7,0.7) }. These
five scenarios can cover the cases when the optimum lies in four different quadrants and
the centre of the search space. We set the default mutation rate y = 1 and problem size
n = 1000. We run 1000 independent simulations for each configuration. For each run, we

initialise the search point uniformly at random.

Results: As we can see, Figure 3.1 (on Page 91) is the density plot for the runtime distri-
bution. The x-axis represents the runtime, the y-axis represents the frequency or density,
and the red dot line represents the average value of runtime for each problem setting. As
x increases, Figure 3.1 shows that we have an exponential decay tail for the runtime of
RLS-PD on each problem configuration. It is very unlikely that the runtime of RLS-PD
on BILINEAR deviates too much from the mean or the expected runtime from Figure 3.1
for each problem configuration. From Table 3.1, we can see for each configuration, the
frequency that the actual runtime bounded above by the mean runtime is asymptotic to 1
as the increases in the multiplicative factors of the upper bounds. When (¢, 5) = (0.5, 0.5),

the empirical results are consistent with our theoretical bounds. The results for other prob-
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lem configurations raise a conjecture about whether our theoretical results can also hold

for all «, 5 € [0, 1].
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Figure 3.1: Runtime distribution for RLS-PD for various « and f.

3.7.2 Empirical Investigation of RWAB Algorithm

Settings: We conduct experiments of RWAB Algorithm for 2-armed non-stationary bandit

problem. The environment is set up as two Bernoulli bandits with mean p; = 0.2, us = 0.8

and the number of changes L = 5,10, 20,40, 80, 100. The changes are set up uniformly at

random along the time horizon 7" = 1000. 1000 independent simulations are run for each

configuration.

Results: Figure 3.2 displays the regret distribution which presents the performance dis-

tribution of RWAB. The z-axis represents the regret of RWAB, the y-axis represents the

frequency or density and the red dot line represents the average value of regret for each
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Table 3.1: Runtime statistics for RLS-PD on Bilinear (n = 1000). 7' denotes the actual
runtime of RLS-PD on Bilinear on each run. 7' denotes the empirical mean of the runtime

and Fr denotes the frequency of runtimes.

Problem Configuration T Fr (T < T) Fr (T < ZT) Fr (T < 4T) Fr (T < GT) Fr (T < 8T )
a=05=05 7029.405 0.633 0.845 0.983 0.996 1.0
a=03,=03 12412.929 0.63 0.945 0.998 1.0 1.0
a=0.76=0.7 12722.888 0.604 0.95 0.997 1.0 1.0
a=0.3,=0.7 12738.235 0.627 0.935 0.997 1.0 1.0
a=0.7,=03 12273.301 0.641 0.95 0.998 1.0 1.0
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Figure 3.2: Regret distribution for various values of T" and L.
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Table 3.2: Regret statistics for Rwab (7" = 1000). R denotes the actual regret of Rwab on
2-armed non-stationary Bernoulli Bandits on each run. R denotes the empirical mean of

the regret and Fr denotes the frequency of regrets.

Problem R Fr(R<R) Fr(R<12R) Fr(R<14R) Fr(R<16R) Fr(R<18R) Fr(R<2R)
Configuration

L=5 111.329  0.543 0.829 0.949 0.990 0.998 1.0
L=10 132.621  0.491 0.871 0.988 1.0 1.0 1.0
L=20 172.975  0.457 0.920 0.996 1.0 1.0 1.0

L =40 219.151  0.383 0.949 1.0 1.0 1.0 1.0

L =80 293.709  0.343 0.945 1.0 1.0 1.0 1.0

L =100 326.728  0.299 0.958 1.0 1.0 1.0 1.0

problem setting. As x increases, Figure 3.2 shows that we have an exponential decay tail
for the regret of RWAB on 2-armed non-stationary bandit problem with various change L.
Figure 3.2 shows the concentration of regret around the empirical mean or the expected
regret and it is also unlikely that the regret of RWAB deviates too much from the expec-
tation. This suggests that our theoretical tail bound is asymptotically tight regardless of
the leading coefficient. Table 3.2 shows that for each configuration, the frequency that the
actual regret bounded above by the mean regret is asymptotic to 1 as the increases in the
multiplicative factors of the upper bounds. Compared with Table 3.1, the convergence rate
is significantly faster than the counterpart in the case of RLS-PD on BILINEAR. This means
that the theoretical bound (i.e. leading coefficient) obtained has room to improve. One
conjecture may be the process governing the dynamics of runtime for RLS-PD on BILINEAR
relies heavily on high variance to overcome the negative drift, while the process governing
the dynamics of regret induced by RWAB already exhibits positive drift everywhere before

reaching the target state. Thus, it yields a faster convergence.
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3.8 Conclusion

This chapter proves a more general and stronger drift theorem (tail-bound). This provides
a more straightforward and novel perspective with higher precision. Such a method can be
used to analyse different random processes. As a sub-product, this paper also resolves the
open problem left in (K6tzing, 2016), which looks for a suitable replacement for the Azuma-
Hoeffding inequality to improve the tail bounds for random processes. More significantly, we
apply our theorems in several practical examples, including Random 2-SAT, Recolouring,
Competitive CoEAs and RWAB. To the best of our knowledge, it is the first tail-bound
drift analysis of CoEA and bandit learning algorithms. Our drift theorems provide more
precise information on how the runtime concentrates and provide a stronger performance
guarantee. In practice, it shows the limitation of the current coevolutionary algorithm on
adversarial optimisation. It suggests a need for a deeper understanding of the mechanism
of CoEAs, which may help to design a more stable CoEA. Moreover, our results confirm

that randomness in RWAB can be helpful for stochastic non-stationary bandit problems.

For future study, both runtime analysis of CoEA on adversarial optimisation and regret
analysis of stochastic reinforcement learning algorithms via drift analysis are still unex-
plored areas. In particular, on the technical side, can we derive more precise bounds for
RWAB since the leading coefficient seems not to be optimal from empirical results or can we
use these results to analyse more complicated CoEAs or bandit algorithms? On the practi-
cal side, we could try to use such concentration bound to design more efficient algorithms.
For example, we could try to design more stable CoEAs or develop a general optimal bandit
algorithm like RWAB for more than 2-armed non-stationary bandit problems by using the

random-walk design analysed in this work.
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Chapter Four

No Free Lunch Theorem for Black-Box

Adversarial Optimisation

This chapter is based on the following publication:
No Free Lunch Theorem and Black-Box Complexity Analysis for Adversarial Optimisation
(Lehre and Lin, 2024b) which is published in Proceedings of the 38th Annual Conference

on Neural Information Processing Systems (NeurIPS’24).
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4.1 Introduction

Black-Box Optimisation (BBO) is crucial for optimising complex, unknown, or expensive-
to-evaluate functions in real-world scenarios, such as aerodynamic design and hyperparam-
eter tuning, where only input-output observations are available. Formally, BBO is the task
of optimising objective functions from some function class F where F consists of functions
f : X = R, where the algorithm is limited to making queries to f (Droste et al., 2002b;
Golovin et al., 2017; Sarafian et al., 2020). In this case, the algorithm is only able to sample

” or “oracle”

and query the function value f(x) of search points z € X from a “black-box’
without access to any description of the objective functions f. A similar framework can be
extended to game-theoretic BBO, namely adversarial BBO. Specifically, adversarial BBO is
the task of optimising payoff functions from some payoff function class G where G consists
of black-box functions g : X x ) — R, with a limited budget of function evaluations. Ad-
ditionally, two players x € X and y € ) form another class of optimisation problems with
multiple inputs (as presented in Figure 4.1). In particular, this dissertation will focus on
a specific class of optimisation problems called adversarial optimisation, where two players

compete with each other (one wants to maximise the payoff g and the other one wants to

minimise the payoff, and thus call it adversarial optimisation).

The original No Free Lunch Theorems for traditional optimisation can be summarised as

follows:

“For all possible metrics, no search algorithm or supervised learning algorithm is
better than another when its performance is averaged over all possible problem

instances (Wolpert, 2002; Wolpert and Macready, 1997).”

Wolpert and Macready (1997) and Wolpert (2002) have shown the facts about the useful-
ness of traditional black-box optimisation algorithms, including various randomised search

heuristics (such as evolutionary algorithms and simulated annealing) and machine learning
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yl Input
Sflx) (x, y)
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Figure 4.1: Comparison between traditional black-box optimisation and maximin black-box

optimisation. Instead of querying at x in traditional optimisation, maximin optimisation
queries at (x,y) include both strategy = and the best response y from the opponent, i.e.
maxX,ey Mingey g(z,y). Their interaction is converted to the payoff g(x,y) in the given

black-box model.

algorithms (such as supervised learning). In particular, it shows that the performance of all
black-box optimisation algorithms (Wolpert and Macready, 1997) and learning algorithms
(Wolpert, 2002), when averaged over all problem instances, is the same for any maximisa-
tion or minimisation tasks. Considering all possible problem instances is a rather limited
assumption for the original NFL theorem to hold, and in most realistic scenarios, we do not
consider all possible problem instances. Thus, Droste et al. (2002b) later has provided a
generalised NFL theorem with more realistic scenarios by relaxing the NFL theorem holds
from all problem instances to problem instances closed under permutation. Another semi-
nal work by Schaffer (1994) also showed a conservation law for the generalised performance

of learning algorithms in classification problems.

Adversarial optimisation tasks, such as maximin optimisation, are more complex and
often counter-intuitive compared to traditional optimisation problems. In adversarial set-
tings, defining solution concepts, or establishing what is meant by optimality, is essential.
Common solution concepts include ‘maximisation over all test cases’, ‘maximin’, and Nash
Equilibrium. A ‘free lunch’ in adversarial optimisation implies that, for a given solution
concept, some algorithms consistently outperform others when averaged across all possi-
ble problem instances. This phenomenon was demonstrated by Wolpert and Macready

(2005) for adversarial optimisation with respect to the ‘maximin’ solution concept (Defini-
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tion A.5.2). Similarly, Service and Tauritz (2008) established a ‘free lunch’ result for the

‘maximisation over all test cases’ concept (Definition A.5.1).

Beyond ‘maximin’ and ‘maximisation over all test cases’, Nash Equilibrium is another
widely studied solution concept in adversarial learning and maximin optimisation. This
concept is central to various applications, including adversarial learning models such as
GANs (Goodfellow et al., 2014; Heusel et al., 2017) and spatial games (Hemberg et al.,
2021; Lehre, 2022; Lehre et al., 2023). While previous studies by Wolpert and Macready
(2005) and Service and Tauritz (2008) have demonstrated the existence of ‘free lunches’ in

adversarial optimisation, the following key questions remain open:

(1) Does adversarial optimisation exhibit a ‘free lunch’ for all possible solution concepts?

(2) If we use Nash Equilibrium as the solution concept, how can we characterise the
difficulty of black-box adversarial optimisation problems for problem-independent,

possibly randomised, search heuristics?

In this dissertation, we answer Question (1) in the negative by showing a No Free Lunch
theorem for Nash Equilibrium solution concept and address Question (2) by introducing
Black-Box Complexity (BBC) tools. Moreover, there are some differences in our cost model:

we only charge one unit of cost per row and column evaluated in the payoff matrix.

4.1.1 Contribution

We prove a new impossibility result on black-box adversarial optimisation. In a two-player
zero-sum game setting, there is no free lunch with respect to an approximation of the
real cost model regarding the unique Nash Equilibrium as the solution concept. In other
words, all black-box adversarial optimisation algorithms have the same expected perfor-

mance over a uniform distribution of all possible problem instances with the unique Nash
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Equilibrium as the solution concept. It is the first step to resolve this long-standing open
research problem about NFL in general black-box adversarial optimisation since (Wolpert
and Macready, 2005; Wolpert and Macready, 1997). Our results highlight the significance
of the choice of solution concepts and the limitation of general black-box adversarial op-
timisation. Additionally, we introduce the first general black-box model and the notion
of black-box complexity for adversarial optimisation. Under this general black-box model,
we provide the general lower bounds for query complexity of computing Nash Equilibrium
in adversarial optimisation. Finally, we illustrate our results on examples of computing

unique Nash Equilibrium in two-player zero-sum games.

4.1.2 Challenges and Technical Overview of the NFL and BBC

Results

There are several challenges in showing the NFL and BBC results. First, we highlight the
challenges and our technical details in the derivation process compared to previous NFL
work. The classical No Free Lunch theorem applies proof by induction with respect to the
size of the function domain. A natural idea is to extend the previous proof-by-induction
method in our NFL proof. However, one of the most challenging aspects of deriving NFL for
Nash Equilibrium (NE) is that the adversarial setting significantly increases the difficulty
since the problem depends on the performances of both the player and the opponents. To
address this, we introduce two technical lemmas from game theory (i.e. Lemma A.5.1 and
Lemma A.5.2) and help to construct the isomorphism between two different problem classes
(i.e. Corollary 4.3.1 and Lemma 4.3.2), which is an essential step in the proof of the original
NFL theorem for traditional optimisation (see Section A.5.2 for more details). Another
significant challenge is that we start with a very weak assumption: we only allow access
to the payoff function and make no assumptions about its properties, such as convexity,

continuity, or differentiability. In fact, no gradients, continuity, or differentiability make the
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NFL and black box results easier to prove (i.e., the function class lacks a specific structure).
On the other hand, it makes it more difficult for the algorithm. Consequently, we have
limited analytical tools to proceed. To analyse the black-box complexity of adversarial

optimisation, we introduce Yao’s minimax principle and apply our new NFL result.

4.2 Preliminaries

4.2.1 Notation in This Chapter

Given a finite set X', we denote the permutation group by &(X) := {0 : ¥ — X |
o is a permutation of X'}. For any v € R™, let SUPP(v) := {i € [n] | v; # 0}. We refer to
query complexity or runtime as the number of payoff function evaluations until the given
algorithm finds the optimum. We consider the search space X x ), where X and ) are
finite. X ~ Y denotes the isomorphism between X and Y In this section, we define an
“isomorphism" following (Droste et al., 2002b) rather than defining it as a usual group or
ring isomorphism since we do not require any group or ring structure of F in the proof. In

other words, X ~ Y if there exists a one-to-one correspondence map from X to Y.

Let f : X — Y be a function from a set X to a set Y. If A is a subset of X, then the
restriction of f to A is the function: f|4 : A — Y;2 — f(z). Let f: X — Y be any
function and A and B be sets such that X C A and Y C B. An extension of f to A is a
function g : A — B such that f(z) = g(x) for all x € X. Alternatively, g is an extension

of f to A if f is a restriction of g to X.

In this dissertation, we assume that the black-box optimisation algorithms do not make
the same query twice. This can be achieved by memorising the outcome of previous queries.
This assumption is consistent with previous work (Wolpert and Macready, 2005; Wolpert
and Macready, 1997).
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4.2.2 Solution Concepts

Solution concepts for classical function optimisation are not directly applicable to adver-
sarial optimisation in general-sum or zero-sum game settings (Hu, Wellman, 1998; Osborne
and Rubinstein, 1994; Popovici et al., 2012). Each agent or player’s payoff depends on not
only its action but also the response from its opponents, and thus, we need to introduce

different solution concepts to specify what kind of optimum we look for.

Pure Strategy Nash equilibrium is considered as our solution concept in this work. We
are interested in whether the black-box adversarial optimisation can efficiently find any
given game’s Nash equilibrium. We use the formulation in (Nisan et al., 2007) to define
Nash equilibrium rigorously. In this dissertation, we only focus on Pure Strategy Nash

Equilibrium (abbrev. NE) defined in Definition 2.3.1.

We also defer other solution concepts for comparison in the appendix. We use the for-

mulation in (Service and Tauritz, 2008; Wolpert and Macready, 2005).

4.3 NFL Theorem for Computing Nash Equilibrium in

Adversarial Optimisation

In this section, we prove a No Free Lunch Theorem for black-box adversarial optimisation.
As a first step toward the No Free Lunch Theorem, we consider two-player zero-sum games
with the unique NE as the same setting in (Panageas et al., 2023), but we relax the restric-
tion from potential games to general two-player zero-sum games. The original NFL theorem
for traditional optimisation assumed all problems instances (Wolpert and Macready, 1997),
and later, sharpened work also proved that this holds for functions ‘closed under permu-
tation’ (Droste et al., 2002b; Igel and Toussaint, 2005; Schumacher et al., 2001). We now

explain what ‘closed under permutation’” means and how it can be extended to games.
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The permutation closure of a set of functions means that let X', ) be two finite sets and
f: X — Y defined by f(z;) = y;. Let o be a permutation o : X — X and we can permute
the function: f(o(z)) := f o o(x). Schumacher et al. (2001) and Droste et al. (2002b)
defined ‘closed under permutation (c.u.p.)’ with respect to a single search space X. A
class of functions F = {f : X — R} is called c.u.p. if for all f € F and all permutations
o€ S(X), foo e F. For our adversarial setting, we need to extend this notion to X' x ).
Given a payoff function g : X x Y — R, we define go (6 @ 7)(z,y) := g (o(z),7(y)) for all

(x,y) € X x Y and any permutations on X', denoted by o € &§(X),7 € &(Y).

Definition 4.3.1. Let G = (X, ), F, NASH) be a class of two-player zero-sum games, where
F is a subset of all the payoff functions in these games g : X x Y — O, and O C R. We
say F is closed under permutation (c.u.p.) if for any g € F and any permutations on X,

denoted by 0 € &(X), 7 € &()), we have go (c ® 7) € F.

If a set of two-player zero-sum games is c.u.p., we will also call it structure-free. In this
dissertation, we restrict to the case where X', ), O are finite sets following the settings in
(Wolpert and Macready, 2005; Wolpert and Macready, 1997). The proof of the No Free
Lunch theorem for traditional optimisation by Droste et al. (2002a) is by induction, where
one assumes that the statement is true for all smaller problems. Here, a smaller problem

refers to the following definition of a sub-game or a sub-problem class.

Definition 4.3.2. Let G = (X, ), F, NASH) be a class of two-player zero-sum games, where
O C R and F be any subset of the set of payoff functions in these games g : X x Y — O
such that F is closed under permutation. For any given (x1,y1) € X X Y, any function
by : Y — O, and any function by : X — O, we define a sub-problem class F ((x1,y1), (b1, b2))
with respect to F as follows: f € F ((x1,y1), (b1, b2)) if and only if there ezists a function

g € F such that

(1) g(z1,y) = bi(y) for ally € Y;
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(2) g(x, 1) = ba(x) for all x € X;

(3) f is a restriction of g on (X \ {x1}) x (Y \ {v1}).

Next, before we show that a sub-problem class F ((x1,v1), (b1,b2)) is c.u.p., we need a
lemma to guarantee that after any permutation, the smaller game has the same unique

Nash equilibrium as the larger game!. We provide a corollary to Lemma A.5.2.

Corollary 4.3.1. Let G = (X, Y, F, NASH) be a class of two-player zero-sum games, and
|X| = |Y| where F C{g: X xY — O} be any set of payoff functions with a unique NE and
F is cu.p.. Then, for any payoff function g € F, let (z*,y*) € X x Y denote the unique
Nash Equilibrium of g. For any permutations over X,) denoted by 0 € &(X), 7 € &()),
go (o ®T) € F exhibits the unique Nash Equilibrium (o(z*),7(y*)). Moreover, if for
any xo # x* and yo # y*, the restriction of g on (X \ {zo}) X (¥ \ {w0o}), denoted by

g|(X\{z0})x(y\{y0})7 exhibits the unique Nash Equilibrium (x*,y*).

Proof. We employ the result in Maiti et al., 2023 (See Lemma A.5.2). For any permutations
on X,Y denoted by 0 € §(X), 7 € &(Y), go(c®@7) € F is defined as for any v € X,y € Y,

golo@)(z,y):=g(o(x),7(y)).

We consider the payoff matrix defined by P = (p; ;) where p; ; = g(x;,y;) with z; € X, y; €
Y. We denote row index set by Iy C N and column index set by /5, C N. Notice that
|Ix| = |X| = |Y| = |Iy|. We denote the row index by i € Iy and the column index by
j € Iy. P € RIxIXII s the payoff matrix of two-player zero-sum game g with a unique
Nash Equilibrium (z*,3*). Let us denote the row index of z* in the payoff matrix P by i,
and the column index of y* by j, in the payoff matrix P. So (e;-,ej+) € A, x A, is the

unique Nash Equilibrium in the form of probability vector.

LA further explanation for sub-problem classes can be found in Section A.5.4.
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Now, given any permutation o, 7, we consider a submatrix P’ such that P’ = (ps()-(j))
with a new row index set I% C N and column index set /5, € N. Since ¢ only permutes
around the row indices in Iy, Iy ~ I with the isomorphism o. Similarly, we have I3, ~ Iy
with the isomorphism 7. Now, we can see that o(i*) = SUPP(ey(+)) € Iy and 7(j*) =
SUPP(er(j+)) € I3, s0 (p,q) € A, x A, is the unique Nash Equilibrium of P’ (in the form of
a probability vector) where (p); = (es(+)); for all i € I and (§); = (e(;+)); for all j € I3,
In other words, (p,q) = (€s(+), €r(j+)). So by using Lemma A.5.2, we can conclude that

(o(z*),7(y*)) € X x Y is the unique Nash Equilibrium of g o (o ® 7).

For the second claim, we construct a submatrix () such that @ = (¢;;) where ¢;; =
g(xi,y;) with z; € X\ {zo},y; € YV \ {y}. We denote the row index set Iy\(s,) and
the column index set Iy\gy,}. Since xo # 2. and yo # ys, i* = SUPP(€;+) € Ix\(s} and
J* = SuPP(ej+) € Iy\fy,}, by using Lemma A.5.2 again, we can conclude that (z*,y*) is the

unique Nash Equilibrium of g]( M\ {zo)x W\ {50})- This completes the proof. O]

This permutation essentially swaps the rows and columns in the payoff matrix. Corol-
lary 4.3.1 shows that the permutation of rows and columns does not change the optimum
(Nash Equilibrium in any given payoff function). Moreover, if we remove the row and col-
umn in the given payoff function, which do not contain the unique Nash Equilibrium, then

the unique Nash Equilibrium remains the same in the restricted sub-problem.
Next, we prove that the sub-problem class is closed under permutation.

Lemma 4.3.1. If F is c.u.p., then F ((x1,y1), (b1, b2)) is also c.u.p..

Proof. For any o' € S(X \{z1}),7 € S(Y \ {w1}) and any ¢ € F ((z1,v1), (b1,b2)), we
want to show that ¢’ o (¢'7") € F ((x1,11), (b1,b2)). We consider the extensions of each

permutation. We define o : X — X’ by its restriction on X' \ {z;} as

Ol x\ oy = 0 and o(z1) = 71.
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We define 7 : ) — Y by its restriction on Y\ {y;} is

Tlavy =7 and 7(y1) = y1.

Now, let g be the extension of ¢’ which satisfies (1), (2) and (3) of Definition 4.3.2 (such an
extension ¢ exists since we take ¢’ € F ((x1,y1), (b1,b2)) and it follows from the definition
of sub-problem class). As g € F, so are go (o1) € F. Thus, we construct g o (o7) as
an extension of ¢’ o (¢/7') and g o (o7) satisfies (1), (2) and (3) of Definition 4.3.2. So

g o (0'7") € F((x1,51), (b, b2)). -

Then, we want to know if we choose different (z, y) in the sub-problem class, are they still
isomorphic (i.e., essentially the same problem for any black-box optimisation algorithm)?
This is an essential step for applying proof by induction, since if they are not isomorphic, it
means that choosing different search points and evaluation functions can change the game
structure for black-box optimisation algorithms, and thus, there might exist some superior

algorithms that can outperform the others.

Lemma 4.3.2. For all (z1,y1), (x2,92) € X XY and by : Y — R, by : X — R, we have the

isomorphism:

F ((x1,91), (b1, 02)) = F ((2,92), (b1, b2)) -

Proof. To prove the isomorphism, we need to find a bijection between these two sets. We

consider the following map between sets defined by:

¢ : F ((x1,y1), (b1,02)) = F ((w2,92), (b1,b2)) where ¢(g") = h' such that
for (x,y) € (X \{z1,22}) X (Y \{y1,12}),

W(z,y) = o)z, y) = g'(z,y).
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Fory € Y\ {ya}, W(x1,y) = 0(g')(2,9) = ¢g'(22,9).
For z € Y\ {2}, M (z,y1) = &(¢')(x,y2) = ¢'(x,y2) Let h be the extension of h" defined by

h(w2,y) = b1(y), (7, y2) = ba(7)
For all (z,y) € (X \{z2}) x (Y \ {y2}),
h(x,y) = h'(z,y)

Now, we notice that h = g o (m,m,) where m,,m, are two transpositions in S(X'), S())

defined by

7o (1) = o, T (2) 1= 2157y (Y1) 1= Y2, Ty (Y2) == W1

and for all 2’ € X \ {z1, 22} and for all v € Y\ {y1,92},

/

() = ' my(y') =y

Since g € F, sois h = go (m,m,) € F. So K’ has the extension h that satisfies (1), (2)
in Definition 4.3.2. Also, b’ = ¢(¢’) is uniquely determined by ¢ and the argument would
also hold when swapping /, ¢’ with the map ¢~!. So we have proved that there exists an

isomorphism between these two sub-problem classes, and the proof is complete. O

For each iteration ¢ € N, assume that (z,y,) is the search point queried by Algorithm H
on payoff function g, and (z*,y*) is the unique NE in a two-player zero-sum game defined
by g : X x Y — R. Theorem 4.3.1 considers the following query complexity: assume the

cost Cy is the unique queries made by Algorithm H,
Tig(H,g) :=inf{C; >0 |z, =" or y, = y"}.
Now, we prove our main theorem. Briefly, we use a proof by induction on the size of

the search space X x ). During the induction hypothesis, problem class is reduced from

F to F((x1,11), (b1, b2)), decreasing the search space from size N x N to size (N — 1) X
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(N — 1), where |X| := N. Then using Lemma 4.3.2 and the inductive step, it follows
that r(H,F) = r(H',F) for any two deterministic algorithms H, H', and the claim for
randomised algorithms quickly follows from the fact that any randomised algorithm can be

viewed as a probability distribution among all deterministic algorithms.

Theorem 4.3.1. Let F be a subset of all the payoff functions g : X x Y — O with a
unique Nash Equilibrium where O C R and |X| = |Y|. Let H be an arbitrary (randomised
or deterministic) black-box adversarial optimisation algorithm for any g € F where F is
closed under permutations. Let r(H,F) be the average (under the uniform distribution on
F) of the expected query complexity of H on g € F (i.e., Eqor(T1p(H, g))). Then, for all
BBO algorithms H,H', r(H,F) =r(H', F).

Proof. Recall that the query complexity of H on ¢ is Tig(H,g) := inf{t > 0 | z; =
x* or y; = y*} where (x4, ;) is the search point queried by Algorithm H on payoff function
g at iteration ¢t and (z*,y*) is the unique Nash Equilibrium in a two-player zero-sum game
defined by g : X x Y — O. We denote the set of all well-defined functions from a set X
to a set O by H(X,0) and the set of all well-defined functions from a set ) to a set O by
H(Y,0). Let F be a class of games with payoff functions {g : X x J — O with a unique
NE}, and assume that F is closed under permutation. For all (zg,yo) € X x Y, define

Ba%) :={by € H(Y,O) | there exists g € F s.t. bi(y) = g(zo,y) for all y € V};

Bg) : = {by € H(X,O) | there exists g € F s.t. by(x) = g(x,yo) for all x € X'}.

Let (u,v) € X x Y be the first query point that Algorithm 1 makes, we consider b; € BY

and by € Bl(,z).

We first prove the claim holds for deterministic heuristics by induction. This is done
by induction on the size of search space N = |X|. Suppose for any two deterministic
algorithms A, B on F, if N = 1, then it means that X x ) only consists of one unique
NE and F consists of one payoff function g. So for any two deterministic algorithms A, B,

r(A,F)=r(B,F)=1.
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Next, assume N > 2 and r(A,G) = r(B,G) where G is any set of payoff functions
with unique NE and search space in payoff functions of size N — 1 and G is closed under
permutation. Moreover, we assume F now consists of payoff functions with unique NE and
search space in payoff functions of size N. We expand out the average of r(A, F).

r(A,F) = Z Pr(g is selected from F) - T(A,g)
geF
If the algorithm is lucky, then the first point (u,v) € X x Y we query is the optimum (opt.)

and (z*,y*) is the NE of the selected g.

=1-Pr((u,v) is the opt. s.t. u=2" or v =y" )
+ Pr((u,v) is not the opt. s.t. u=2z" or v =y* )
X (1 +r (A,.F(U,U), (bl>b2))))

Notice that after we query (u, v), we can reduce the whole problem class F to F((u, v), (b1, b2))

with case N — 1 where by, by are defined above.

Lemma 4.3.1 shows that if F is closed under permutation, then F((u, v), (b1, b2)) is closed
under permutation. Corollary 4.3.1 shows that if we restrict g € F((u,v), (b1, b2)), then all
the restriction of g on (X'\ {u}) x (¥ \ {v}), denoted by gf 1\ ru3)x (3 fo}): €xhibits the same
unique Nash Equilibrium (z*,y*) as g. So F((u,v), (b1, bs)) is a set of payoff functions with
unique NE (z*, y*) and the search space of size N — 1 and closed under permutation for all

(u,v) in which (u,v) is not the opt. s.t. u = z* or v = y*.

With the help of Corollary 4.3.1 and Lemma 4.3.1, we apply the induction hypothesis
to this sub-problem class F((u,v), (b,b)) 2. Also note that we consider the uniform

distribution on problem class F and thus for any (v',v") # (u,v), we have

Pr ((u,v) is the opt. s.t. u =z* or v =y* ) = Pr((«/,v') is the opt. s.t. u=2" or v =y ).

2We defer further explanations of the role of Corollary 4.3.1 and Lemma 4.3.1 to the supplementary

material Section D.
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The induction hypothesis on the case N —1 with Lemma 4.3.2 shows that two sub-problem
classes are essentially isomorphic, and thus have the same average query complexity from

the induction hypothesis step.
r (A> .F((U, U)’ (b17 b2))) =T (B7 F((u/7 U/)’ (b1> b2))) :
Thus, we can conclude that r(A, F) = r(B, F) for any deterministic algorithms A, B.

Now, we generalise the result to randomised algorithms. Let m € N be a finite number to
denote the number of different deterministic search heuristics. We consider a randomised
search strategy to be a probability distribution p = (p1,--- ,p,) and choose the i-th deter-
ministic search strategy with probability p;. It is well-known (see details in Motwani and
Raghavan, 1995) that the expected cost of a randomised search heuristic is the weighted
average of the cost of the deterministic search heuristics. Since all deterministic search

heuristics have the same cost, this also holds for all randomised search strategies. O]

Theorem 4.3.1 reveals an important underlying result: All black-box adversarial algo-
rithms exhibit the same average runtime r(H,F) of all possible problem instances (or
problem instances c.u.p.) with a unique Nash Equilibrium in a two-player zero-sum game
setting. It is a reasonable result since Theorem 4.3.1 tells us that if a class of payoff func-
tions with a unique Nash Equilibrium does not change by any permutation on the input
space, there is no structure provided for any search heuristic or any optimisation algorithm
to use and it cannot help to find the Nash Equilibrium. This is also the reason why the
original No Free Lunch theorem for traditional optimisation holds Wolpert, 2002; Wolpert
and Macready, 1997. As concluded by Ho and Pepyne (2002), “if anything is possible and

occurs with the same probability, then nothing can be expected".

This result is also surprising since Wolpert and Macready (2005) and Service and Tauritz
(2008) both show there exists a free lunch with respect to the two solution concepts in

Definition A.5.1 and Definition A.5.2. However, our result does not contradict the pre-
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vious result. We consider the performance measure T(H,g) and a different query model
considered by the previous work. In particular, Definition A.5.1 and Definition A.5.2 only
take the player x into account, while the opponent optimum and different query model
and performance measures can make a difference, resulting in either FL. or NFL results.
In summary, our new NFL theorem highlights the significance of solution concepts and
also reveals that adversarial optimisation can exhibit “no-free-lunch”, in particular for the

unique NE solution concept.

4.4 Black-Box Complexity of Adversarial Optimisation

As shown in the previous NFL theorem, no better universal algorithms exist on structure-
free problems (i.e., under the assumption that the payoff function has a unique NE). In order
for an algorithm to guarantee good performance, it is necessary to restrict the algorithm
to classes of games that possess some structure. To compute the Nash equilibrium of
certain classes of problems, including Nash equilibrium in a black-box setting, there are
many results on analysing the computational complexity for black-box algorithms, and
researchers aim to minimise the query complexity and provide more efficient algorithms
to compute Nash equilibrium in two-player zero-sum game settings (Benford and Lehre,
2024b; Hevia Fajardo et al., 2023; Lehre, 2022; Maiti et al., 2023) The following questions
remain under-explored: How does the performance of an algorithm (like query complexity)
depend on the size of the search space, and for some classes of problems, does there exist
non-trivial lower bounds on the runtime that hold for all black-box adversarial algorithms?

We answer these questions here using Black-Box Complexity (BBC).
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4.4.1 The Unrestricted Black-Box Model and the BBC

This section focuses on adversarial black-box optimisation and studies the query complexity
of learning Nash equilibrium in a two-player zero-sum game setting. We refer to (Doerr
et al., 2013; Doerr and Neumann, 2020; Droste et al., 2006) for a more detailed introduction

to the black-box complexity theory for traditional black-box optimisation.

To prove a lower bound that holds for all algorithms, it is necessary first formally to
define what constitutes an algorithm. To do so, we construct an unrestricted black-box

model of adversarial optimisation.

Algorithm 9 An Unrestricted Black-Box Model with Unique Query History
Require: Search spaces X', ).

Require: Payoff functions g : X x Y - R, h: X x Y — R.
Require: Initial distribution Fj.
1: Initialise (zg,yo) based on Py; Initialise Hy = () and Cy = 0.
2: for t=1,2,--- until the termination criterion met do
3: Choose some probability distribution Pj), depending only on I(t) where
I(t) = T2y (5, 97, (5, y5), (g, 95)) € (X x Y x R x R)™
4: Produce a random search point (z;,y;) based on Pry.
5: Query the payoffs g(z, yi), h(xe, y1)
6: if (x,y) € Hi—1 then Cy =Cy 1+ 1; Hy = Hyy U {(xe,91) }-
7 else C;, =C,_1; H, = H;_;.

Algorithm 9 defines a class of algorithms subject to various probability distributions and
samples the new strategy pair based on previous pairs and their payoffs. The initial search
point (xg,yo) is independent of the problem, so we can choose any probability distribution
Py to initialise the algorithm. Subsequent strategy pairs are obtained by sampling subject

to a probability distribution Pry). By specifying different sample probability distribution
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Pry, Algorithm 9 represents various black-box optimisation algorithms, including several
adversarial search (also called competitive coevolutionary) algorithms (Lehre et al., 2023;
Wolpert and Macready, 2005) and randomised algorithms FINDPSNE (designed to learn
the NE in bimatrix games) (Maiti et al., 2023). Note that the model only considers the
cost of unique queries made by the algorithm (i.e. we check the search point in the previous
query history H; in line 6). We assume that an algorithm which makes the same query
twice is only charged for the cost of one of the queries. This is consistent with previous
research (Droste et al., 2002b; Wolpert and Macready, 2005; Wolpert and Macready, 1997).
Also, note that if we do not make this assumption, then clearly some algorithms can take
infinite time. Additionally, a more general extension could be to only query either g or h

in line 5, since for some non-zero-sum games, the algorithm could evaluate g more thatn h

Now, we define the query complexity (or runtime) of black-box adversarial optimisation
algorithms by extending the idea of the traditional single-objective black-box optimisation
algorithm in (Droste et al., 2006; Winzen, 2011) and assuming h = —g (i.e. zero-sum

game) in this case.

Definition 4.4.1 (Adapted from (Babichenko, 2020)). Given any unrestricted black-box
algorithm with unique query history A and the payoff function g : X x Y — R, T(A,g) is

the query complexity of A with respect to g and (xy,y;) is the search point generated by A if

T(A,g) :=inf{dC; € N| (x4, y;) € argmaxmin g(z,y)},
zeX yey

where d € {1,2}. If the game is zero-sum, then d = 1; otherwise, set d = 2.

Note that T'(A, g) € NU{oco} is the number of payoff evaluations until A queries for the
first time some (z*,y*) € argmax,cy mingey g(x,y). Now, we can define what black-box
complexity means with respect to a given class of adversarial optimisation algorithms and

problem classes.
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Definition 4.4.2. For a class G of payoff functions g : X x Y — N, the A-black-box
complexity of G is defined as T(A,G) := sup,eg T'(4, g), the runtime of A under the worst-
case scenario on G. Then, the A-black-box complexity of G is T(A,G) :=infaca T(A,G) =
infacasupyeg T(A, g); the best or minimum complexity among all A € A with respect to G.
If A is the whole class of all black-box algorithms, we denote T'(G) the unrestricted black-box

complexity of G.

We want to point out the difference between these two definitions. Definition 4.4.1 con-
siders the query complexity for a particular algorithm and problem instance, and Defini-
tion 4.4.2 considers the black-box complexity for the best possible query complexity of all
possible given algorithms under the worst-case scenario. The traditional black-box com-
plexity theory characterises the difficulty of a certain class of problems and explores the
limitations of the given black-box optimisation algorithms. We expect our extension to

adversarial optimisation can provide similar insights as well.

4.4.2 A General Lower Bound for Black-Box Adversarial Optimi-

sation

We first provide a lower bound of black-box complexity for a general class of black-box

adversarial optimisation problems.

Theorem 4.4.1. Let X and Y be any finite sets. Assume that B C R with k = |B| > 2.
Consider any class of two-player zero-sum games G C {g : X x Y — B} such that for
all (x,y) € X x Y, there exists a game g,, € G which has (x,y) as unique, pure Nash

Equilibrium. Then, the class G has black box complexity at least [log, |X x V|| — 1.

Proof. The proof, which uses Yao’s minimax principle (Theorem A.5.1), is analogous to the

proof of Theorem 2 in (Droste et al., 2006). We need to construct a suitable probability
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distribution p over the set of games. By assumption, for each (x,y) € X x ), we can
associate one game g,, which has (z,y) as the unique pure NE. We let p be the uniform

distribution over the set of the games {g., | (z,y) € X x Y} C G.

We now consider the runtime of any deterministic black-box algorithm A € Aqe with
respect to a random game g¢,+ ,~ which is sampled according to distribution p. The algorithm
is a decision tree, where each node is a pair (z,y) € X x ) corresponding to a query made
by algorithm A, and each edge corresponds to one of at most k& possible outcomes g(z,y)
of this query. The runtime of algorithm A on the random game g,«,- corresponds to the

depth of (z*,y*) in this decision tree. The expected depth is therefore lower bounded by

[log (| x V[)] - 1.

Hence, we have for all deterministic algorithms A € Aget,
B(T(1,, A)) > log, (1% x Y|) — 1.
This implies that

uin E(T(I,, 4)) 2 logy (I > V) — 1.

By Yao’s Principle, for any distribution ¢ over the set of deterministic algorithms Aget,

max E(T'(I,A,)) > min E(T(I,, A)) > log,(|]X x Y|) — 1.

IeT A€Aget

The proof follows by noting that any randomised algorithm can be described as sampling

a deterministic algorithm according some distribution ¢, and applying this algorithm. [J

4.4.3 A General Lower Bound for Two-player Zero-Sum Bimatrix

Games

In this subsection, we employ Yao’s Principle and the No Free Lunch Theorem to provide a

general lower bound for the black-box complexity of searching Nash Equilibrium in zero-sum
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bimatrix games, and this leads to a sharper lower bound compared to Theorem 4.4.2 (Maiti

et al., 2023).

Theorem 4.4.2 (A Lower Bound for Finding the Nash Equilibrium (Maiti et al., 2023)).
Let A be any randomised algorithm that correctly computes the Nash equilibrium of the
input matriz. Let 7(M) denote the number of entries queried from the matriz M by A.
Then, there exists a payoff matriz A € R™™ with a unique Nash equilibrium (x,,ys) such

that E[r(A)] > ™ where k = |supp(y,)| and the randomness in 7(A) is due to A only.

As we can see, if we consider pure Nash Equilibrium (i.e., set £ = 1), then we obtain a
general lower bound for finding pure Nash Equilibrium of at least n/8. Next, we present a

better lower bound.

Theorem 4.4.3. Let A be the set of all randomised algorithms defined by Algorithm 9 and
T(A, P) denote the query complexity of A with respect to the input payoff matriz P for a

3

two-player zero-sum game’. Then, there exists a payoff matrix P € R™™ with a unique

pure Nash equilibrium (x*,y*) such that E(T'(A, P)) > (n + 1)/2. Thus, the black-box
complexity with respect to A of the problem class consisting of all bimatrix games with a

unique Nash Equilibrium is at least (n 4+ 1)/2.

Proof. Given payoff matrix P, recall that for any A € A,

Tig(AP):=inf{C; >0 |x; =2 or y4 = y*};
T(A,P):=inf{Cy >0 | x; =2" and y, = y*};
M ={P € R"" with a unique PSNE}.

Clearly, T(A, P) > Tip(A, P). We denote M as the set of input instances. Now, we

estimate the lower bound by using Yao’s minimax principle (we denote the query complexity

3Note that T'(A, P) = T(A,g) where g(x,y) := eZPem with ey, e, denote the elementary probability

distribution over probability simplex Ayq 1y»
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of a specified algorithm namely ALG searching the PSNE of P by T(ALG, P) and the
set of all deterministic black-box adversarial optimisation algorithms by Aqe): for any

randomised algorithm A € A,

max E(T'(A, P)) > min E  (T(ALg, P))

PeM ALGEAget P~Unif(M)

Using the definition of T'(ALG, P) and Ty 5(ALG, P) gives

> i E Tis(ALG, P
= Anglel./I‘lldet P~Unif(M)( La( F))

Using Theorem 4.3.1, we know the expected performance of all algorithms on any all
problem instances in M is the same with respect to the unique Nash Equilibrium solution
concept. So, we define a new algorithm ALG" such that it is a deterministic algorithm
starting from 7 = 7 = 1, and it makes one query in each iteration. It continues to query
Py, Py, ...P,, (ie. query the entries in the diagonal of the payoff matrix P). ALG"
continues the processes until it reaches either the column or the row of the position of the

unique Nash Equilibrium. So, we derive

= E Tig(ALG*, P
P~Unif(M)< 1a( P))

Note that we consider the uniform distribution on M. It means that the probability that

(x*,y*) lies in the j-th column of payoff matrix P is 1/n for all j € [n]. Then, the total

expected query complexity is Z?:l j% = ”T“ So, we derive
> n 1.
-2
This completes the proof. O

Theorem 4.4.3 provides a sharper lower bound by a multiplicative factor 4 compared
with the current best bound by Maiti et al., 2023. This result also demonstrates that in
a two-player zero-sum bimatrix game (with an n x n payoff matrix), there are complex
instances where no randomised algorithm can achieve better than O(n) query complexity

unless additional problem structure is provided.
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4.4.4 Applications on Two-Player Zero-Sum Games

4.4.4.1 Introduction to Binary Voting Games

This section provides some example applications of our black-box complexity results. Vot-
ing games are popular games studied in game theory, computational social choice the-
ory (Brandt et al., 2012; Brandt et al., 2016; Grandi et al., 2015) and Boolean games (Har-
renstein et al., 2001). Voting is considered a fundamental tool for analysing multi-agent
systems (Aziz et al., 2019; Grandi et al., 2015). We start with simple binary voting games
in which the outcome or payoff is 0 or 1 (or —1 and 1). These games also play a role in the

analysis of Boolean functions (O’Donnell, 2008).

Convergence to NE in plurality voting — a type of voting game where the winner is
determined by the majority — has been studied from the perspective of social choice theory
and researchers specify certain conditions to guarantee the voting games to converge to
NEs (Meir et al., 2010). Some natural question arises: are there any randomised algorithms
that can find these NEs in voting games efficiently? What are the limitations of these black-
box optimisation algorithms? Using black-box complexity analysis, we can answer the
questions about the efficiency /inefficiency of black-box optimisation algorithms on binary

voting games.

We formulate binary voting games in the context of adversarial optimisation as follows.
Consider two parties represented by vectors z,y € {0,1}" where n € N. Each group has
n members that either “in favour" (encoded by 1) or “against" (encoded by 0) a particular
proposal or decision. One group seeks a strategy x* that maximises its minimum gains
against any strategy of the other group, while the other group seeks a strategy y* such that
its choice minimises the maximum gains of the first group. It essentially forms a two-player

Z€ro-suim gaime.

Definition 4.4.3. For X =Y = {0, 1}", the payoff function DIAGONAL : X x) — {—1,1}

117



Chapter 4. No Free Lunch Theorem for Black-Box Adversarial Optimisation

18

L iflyh < lzh
DIAGONAL(z,y) ==

—1 otherwise.

In Definition 4.4.3, we present the votes of both groups by binary bitstrings and the payoff
g can be viewed as a binary voting game where the payoff only depends on which group
has the stronger majority “influence". If one group has a stronger ‘in favour’ “influence" in
the sense of the number of the support votes (i.e. the number of 1 in the encoding binary
bitstring), then we get a payoff 1 and —1 otherwise. We are interested in computing NE in
these two-player zero-sum games, i.e. solving (z*,y*) € arg max,cx min ey g(x,y). Notice
that in DIAGONAL, (x,,y,) = (1",1") is one of the NE optima. In this optimum, neither
of the two groups is willing to deviate from affecting their payoff g(x,,y,) anymore. This

exactly coincides with the definition of NE.

Next, we consider a different binary voting game, denoted by PLATEAU. To make the

binary voting game more challenging, we introduce some plateaus in games.

Definition 4.4.4. For X = Y = {0,1}", a constant 6 € (0,1), the payoff function
PLATEAU : X x Y — {—1,1} is defined as

) iflleh -3 <%
PLATEAU(x,y) =

g(x,y) otherwise

where f 1Y — {=1,1} and g : X x Y — {—1,1} are any functions such that the NE of

PLATEAU is (x*,y*) € {(z,y) | ||z, — %| < 67"}'

Definition 4.4.4 introduces a plateau when comparing the “influence” between two groups
and defines a general class of pseudo-Boolean benchmarks with a plateau. Imagine a
committee deciding on a new policy where there are two groups with equal voting power.

If the votes from group X are balanced or nearly balanced (within the plateau), then the
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votes from the second group ())) come into play. It is like their votes are the tiebreaker.
If the second group votes in favour, then the policy passes; if they vote against it, then it
fails. If the votes from group X are outside the plateau, then the payoff is not restricted

to be determined by y € V.

Finally, we define game instances generated by (u,v) where u,v € {0,1}".

Definition 4.4.5 ((u, v)-game instance). For allu,v € {0,1}", given f : {0,1}"x{0,1}" —

R, we define the (u,v)-instance of f, denoted by fruwv), a5 fruw(®,y) = f(u @z, v D).

We can see that for any u,v € {0,1}", f(,.) generates the same payoff landscape as f.
In this dissertation, f will be either DIAGONAL or PLATEAU. We defer more details to

Section A.5.6%.

4.4.4.2 Black-Box Complexity of Learning Nash Equilibrium in Binary Voting

Games

First, let us illustrate how Theorem 4.4.1 and Theorem 4.4.3 work on these simple examples.
If we consider a general class of black-box optimisation algorithms defined by Algorithm 9
on binary voting games with a unique Nash Equilibrium, then we provide a general lower

bound of black-box complexity as follows.

Theorem 4.4.4. The black-box complexity with respect to Algorithm 9 of the binary voting

games with problem size n € N and a unique Nash Equilibrium is e®(™.

Proof. Given an arbitrary binary voting game with problem size n defined by a payoff
function ¢ : {0,1}" x {0,1}" — R, we consider the corresponding payoff matrix P. For

each party, there are 2" possible strategies encoded by a binary bitstring of length n. So P €

4We defer the definition of xor @ to Section A.5.6 in the supplementary material.
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R2"*2" Using Theorem 4.4.3 with arbitrary algorithms in the class defined by Algorithm 9

and the payoff matrix P gives us the black-box complexity is at least LQH = S, O

Theorem 4.4.4 means that there exist no universally good black-box optimisation algo-
rithms defined by Algorithm 9 that can solve all binary voting games with unique Nash
Equilibrium efficiently, (i.e. with polynomial query complexity of the problem size). To
yield a better performance of black-box optimisation algorithms on binary voting games,
we need to specify the problem class we work on. Next, we consider DIAGONAL and explore
the black-box complexity with respect to the class of black-box optimisation algorithms A
defined by Algorithm 9 of DIAGONAL. This reveals that DIAGONAL is a feasible benchmark

problem for black-box adversarial optimisation algorithms.
Theorem 4.4.5.
DIAGONAL, := { DIAGONAL(, ) | (u,v) € {0,1}" x {0,1}"},

the black-box complexity with respect to Algorithm 9 of DIAGONAL, is ©O(n).

Proof. We consider an algorithm A € A, which operates in two phases. In Phase 1, we
use a randomised search heuristic RSH (as summarised in Algortithm 10) that performs
random local search as follows. In each iteration of Phase 1, the algorithm samples x
and y uniformly at random, then flips one bit uniformly at random in x to obtain x’. It
then compares the values of DIAGONAL, ,(z,y) and DIAGONAL, ,(2’,y). Phase 1 ends
when DIAGONAL, ,(z,y) # DIAGONAL, (2, y). Once Phase 1 ends, the algorithm knows
that |u @ x|y = |v @ y|;. Note that we do not only use random sampling until the initial
search points satisfying |u@® z|; = |v @ y|; since in this black-box oracle setting, we cannot
see bitstrings u @ x,v @ y. Thus, there is no clear stopping criterion for solely random

initialisation.

We now consider how long it takes for RSH in Phase 1 to finish (i.e. the search point

arrives at the diagonal). We first estimate Pr(Z; = Z;). Notice that let Y :=n — Z; and
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Algorithm 10 RSH: Randomised Search Heuristic (Phase 1)
Require: Problem size n; payoff function DIAGONAL,,,, : {0,1}" x {0,1}* — {—1,1}.

1: repeat

2: Sample x ~ Unif({0,1}") and y ~ Unif({0, 1}") independently.
3: Sample a bit position i € {1,...,n} uniformly at random.

4: Obtain ¢y’ from y by flipping its i-th bit.

5: d < DIAGONAL, ,(z,y); d' <= DIAGONAL, ,(z,v).

6: until d # d’

7. if DIAGONAL, ,(z,y) = 1 then

8 (z,y) = (2,9).

9: else

10: (z,y) = (2,9

11: return (z,y).

Y is also subject to Bin(n,1 —1/2) = Bin(n, 1/2). So the event {Z; = Z,} is equivalent to
{Zy =Y} ={Z, + Zy = n}. Thus, we can derive the following estimate by using Stirling’s

approximation (i.e. n! ~ v/2mrn(2)"),

2
Pr(Z, = 7)) = (:) g=2n L oo oo _ L

So the expected runtime for finishing Phase 1 is O(y/n).

In Phase 2, Algorithm A employs a deterministic search heuristic DSH (as summarised
in Algortithm 11) that alternately updates y and = by scanning their bit positions in
a fixed order. The heuristic maintains two counters j and 7, each remembering the bit
position reached in the previous iteration. To update y, DSH repeatedly flips the bit at
position j (incrementing j when unsuccessful) until it finds a flip yielding payoff —1, which
is then accepted. It then updates x analogously, flipping the bit at position ¢ until it
obtains payoff 1. The accepted flips remain in place, and the counters carry forward to the

next iteration, ensuring that the search resumes from the last visited bit position. This
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alternating procedure continues until the termination criterion is met.

Algorithm 11 DSH: Deterministic Search Heuristic (Phase 2)
Require: Current search point (z,y) € {0,1}" x {0,1}"; payoff function DIAGONAL,,, :

{0,1}" x {0,1}" — {—1,1}; termination criterion.
i1, 7«1 > counters for bit positions in x and y

2: while termination criterion not met do

3: found, < false

4: while not found, do

5: Flip the j-th bit of y to obtain y/'.

6: if DIAGONAL, ,(x,y") = —1 then

7: y <y > accept new y
8: found,, < true

9: else
10: j—j+1 > move to next bit
11: found, < false

12: while not found, do

13: Flip the i-th bit of x to obtain z’.

14: if DIAGONAL, ,(2',y) = 1 then

15: x <1 > accept new &
16: found, < true

17: else

18: 141+ 1 > move to next bit

19: return (z,y)

Now, we consider how long it takes for DSH in Phase 2 to reach the optimum. Notice
that for each bit, we need one query of the payoff function to determine whether it is

the correct bit to flip. We need to flip the correct bits for both x and y. Since the

122



4.4. Black-Box Complexity of Adversarial Optimisation

maximum Hamming distance to the optimum of DIAGONAL is bounded by 2n, then the
overall runtime is bounded above by 2n = O(n). Adding the expected runtime for both
Phases gives O(n) + O(y/n) = O(n). Together with Theorem 4.4.1, we can conclude that

the black-box complexity of DIAGONAL,, is ©(n). O

Theorem 4.4.5 implies that DIAGONAL, is a sensible maximin benchmark for testing
black-box optimisation algorithms. It means that if we restrict the problem class to a
certain class with a specific structure, then it is possible to solve them in polynomial query
complexity. We have seen the black-box complexity results on DIAGONAL,. Next, we
start to consider more challenging binary voting games, PLATEAU. We are interested in
whether there is any efficient black-box adversarial optimisation that can solve PLATEAU,
in polynomial query complexity (i.e. O(n)). To answer this question, we need to compute

its black-box complexity.

Theorem 4.4.6. Given the game class,
PLATEAU,, := {PLATEAU(,, | (u,v) € {0,1}" x {0,1}"},

the black-box complexity with respect to the class of algorithms defined by Algorithm 9 of

PLATEAU,, is e®™.

Proof. Recall the definition of PLATEAU, , for arbitrary w,v. We call the set {(x,y) |
lu ® x|, — 5| < F} z-independent, and we call any query to this set z-independent.
Note that for any z-independent query has payoff PLATEAU, ,(z,y) = f(v @ y), i.e., it is

independent of x. Furthermore, note that the Nash Equilibrium is not z-independent.

We will apply Yao’s Principle with respect to the distribution p over instances where u
is sampled uniformly at random among all bitstrings of length n, and v = 0". We consider
the average case runtime of deterministic algorithms with respect to distribution p. Such

algorithms can be modelled as binary decision trees: in each node, the algorithm makes a
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query (z,y), and for each outgoing edge, the algorithm obtains one of two possible payoff
values PLATEAU, ,(x,y) € {—1,1}. We call the z-independent path in the decision tree the
longest path (z1,y1), ..., (z¢, y:) such that (z1,y;) is the root node and all nodes (x;, y;) for
i € [t] are z-independent. We let ¢ denote the length of the z-independent path. Since the
outcome of an z-independent query only depends on v & y which is deterministic, the -
independent path of a decision tree is unique. Furthermore, the length of the z-independent
path is a lower bound on the runtime of the algorithm since the Nash Equilibrium is not

zr-independent.

We now bound the length of the z-independent path from below. Let (z;,y;) be any fixed
query in the decision tree, and F; the event that (z;,y;) is not z-independent. We sample
u by picking each bit independently and uniformly at random in {0, 1}. This implies that
the number of 1 bits for each bit is subject to a Bernoulli random variable Bin(1/2). We
therefore have |u @ x;|; is binomially distributed Bin(n,1/2). Applying Chernoff’s bound
(Theorem A.2.3), we get

Pr(F;) = Pr (||u ® 2, — g| > gg) < 9e=En/0, (4.1)
Let E; be the intersection of all the failure events, i.e., By = N{_, F;. Using De Morgan’s
laws gives N{_, F; = U!_,F;. Therefore, by a union bound, the z-independent path has

length at least t = 2¢="/12 with probability
Pr(Ey) =1—Pr(U_,F) >1—2e="/0 =1 — %0,
We then have by the law of total probability

: 3 — n €2n n
min B(T(L,, A)) > min Pr (Ey) E(T(L, A) | By) > (1 - 2n)yges /12 = ),

The proof now follows by using Yao’s minimax Principle (Theorem A.5.1). The expected

worst-case runtime of any randomised algorithm is lower bounded by the average case
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runtime of deterministic algorithms.

max E(T'(1, 4,)) 2 min B(T'(1,, A)) = e

Theorem 4.4.6 implies that all black-box adversarial optimisation algorithms defined by
the unrestricted model (i.e., Algorithm 9) have exponential runtime on PLATEAU,,. They
need at least an exponentially large query complexity with respect to the problem size n.
It is evident that PLATEAU is too challenging that it may not be a proper benchmark for

black-box adversarial optimisation algorithms.

4.4.4.3 Summary

Our study introduces the concept of black-box complexity in binary voting games, providing
insights into the challenges faced by general black-box adversarial optimisation algorithms.
These examples illustrate two kinds of problems within the general class of binary voting
games with unique NE: the polynomial-solvable class (i.e., there exists an algorithm that
can solve all problem instances of this class in polynomial runtime) and the non-polynomial-
solvable class (i.e., there exists no algorithm that can solve all problem instances of this

class in polynomial runtime).

Theorem 4.4.4 rigorously shows that no universal algorithm can efficiently learn the
unique Nash Equilibrium (NE) in these games due to their structure-free nature, where
efficiency means small query complexity (usually polynomial in the size of input). How-
ever, when assuming specific problem structures, such as DIAGONAL,,, it is possible to come
up with a better algorithm which achieves better polynomial query complexity as shown in
Theorem 4.4.5. DIAGONAL,, can be a promising benchmark for evaluating black-box algo-
rithms. Additional assumptions on the payoff function, like those in PLATEAU,, problems,

proved in Theorem 4.4.6, do not lower the difficulty of the problems. This emphasises the
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need for a more careful selection of benchmarks. Black-box complexity emerges as a valu-
able tool for distinguishing between potentially easy and hard problem instances, guiding

the design of black-box algorithms.

4.5 Conclusion

Utilising the tools from game theory and Yao’s principle, we rigorously proved impossibility
results for a universally effective adversarial algorithm applicable across various problem
classes in black-box adversarial optimisation. We emphasise the impact of solution concept
selection on the feasibility of a “free lunch" in adversarial optimisation. Additionally, we
introduce the notion of black-box complexity in black-box adversarial optimisation and
characterise the difficulty of learning the unique optimum in adversarial optimisation and

solving two-player zero-sum games.

The results from this paper build up a foundation for future studies on the strengths
and limitations of adversarial optimisation. More specifically, it highlights the need for
more comprehensive benchmarks and careful selections of solution concepts when using
any black-box adversarial optimisation algorithms. Moreover, no black-box optimisation
algorithm for learning the Nash equilibrium in two-player zero-sum games can exceed the
logarithmic complexity relative to search space size. Meanwhile, no algorithm can solve
any bimatrix game with unique NE faster than the linear query complexity in terms of the

size of input payoff matrices.

Although our work makes a first step towards the new NFL and BBC results on black-box
adversarial optimisation, we want to point out some limitations of our current work and
list them as our future work. Firstly, our theoretical results build on discrete exponential
large search spaces rather than countably infinite (e.g. N) or uncountable infinite (e.g. R)

sets. To generalise our results to infinite sets, we might require further assumptions on our
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search spaces. Secondly, our NFL focuses on two-player zero-sum games with unique NE.

Future direction of our work includes extending Theorem 4.3.1 to other solution concepts
like mixed strategy Nash Equilibrium or exploring different possible solution concepts which
may exhibit free lunch or not. Additionally, it is interesting to generalise NFL. and BBC
analysis to zero-sum games with multiple NEs and more general search spaces. Finally,
it is interesting to analyse other black-box models, such as unbiased black-box complexity
models, to characterise the difficulty of adversarial problems that different classes of search

heuristics can solve.
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Chapter Five

EA vs CoEA on Sparse Binary

Zero-Sum Games

This chapter is based on the following publication:
Overcoming Binary Adversarial Optimisation with Competitive Coevolution (Lehre and
Lin, 2024c¢) which is published in Proceedings of the 18th International Conference on
Parallel Problem Solving From Nature (PPSN’24).
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5.1 Introduction

5.1.1 Background

Competitive CoEAs can be applied to problems that involve adversaries, such as MAXIMIN
optimisation problems. With the widespread use and development of GANs (Goodfellow
et al., 2020), there are recent successful applications of competitive CoEAs for GANs (Al-
Dujaili et al., 2018; Toutouh et al., 2019) and coevolutionary learning (Mitchell, 2006).
Competitive CoEAs share similarities with neural network-based adversarial models but
require less information, e.g., a gradient. However, despite their potential, the application
of CoEAs is challenging. One of the main difficulties is that these algorithms often exhibit
pathological behaviours, such as cyclic behaviours, disengagement, and over-specialisation
(Popovici et al., 2012; Wiegand, 2004) as discussed in Section 2.2. These challenges limit

the widespread use of CoEAs.

As discussed in Chapter 2, there is a growing interest in optimisation problems that
involve one or more adversaries, and CoEAs have been suggested to be a promising approach
(Popovici et al., 2012). However, there is still a gap in the theoretical understanding of
CoEAs on test-based problems. In particular, Hillis (1990) showed empirically that there
is a significant improvement in sorting networks via competitive CoEAs compared with
normal EAs. But it is still unclear why competitive CoEAs lead to a better design than
traditional EAs (Popovici et al., 2012; Rosin, 1997). We would like to understand how
competitive CoEAs work on test-based optimisation problems from the simplest example.
We formalise a general problem class, which includes Hillis’ coevolutionary approach on
sorting networks as follows: consider a function g : X x ) — {0,1}, where X is a set of
designs and Y is a set of test cases. We define g(z,y) = 1 if and only if design x passes test

case y. Our optimisation problem can be defined as follows: arg max,cy mingey g(x,y). In
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other words, the MAXIMIN Optimisation is to find (z*,y*) € X x ) such that
for all (z,y) € X x Y, g(z,y") < g(",y") < g(z",y).

So here come the following research questions:

1. Under what circumstances can a competitive CoEA obtain an optimal solution in

polynomial expected time?

2. How does the runtime depend on the problem (g) and on the algorithm?

To understand the questions above, we proceed by using runtime analysis. Runtime
analysis of traditional evolutionary algorithms considers the time complexity of a given
randomised algorithm. It provides either lower or upper bounds for the number of fitness
function evaluations (called runtime) to understand the performance of given algorithms
(Doerr and Neumann, 2020). Runtime analysis can identify relationships between algorith-
mic parameters and problem characteristics that determine the efficiency of evolutionary
algorithms. We want to develop more runtime analysis for CoEAs and expect the insights

from runtime analysis of CoEAs will improve the design of CoEAs (Popovici et al., 2012).

5.1.2 Our Contributions

On one hand, we prove that the traditional (1, A\)-EA is unable to solve the DIAGONAL
Game within expected polynomial time. On the other hand, we rigorously demonstrate
for the first time that, with the aid of coevolution, the (1, A)-CoEA can solve DIAGO-
NAL problems in expected polynomial time under certain conditions, utilising a two-phase
analysis and tools from order statistics. These results highlight the promising potential of

coevolutionary approaches for tackling binary adversarial optimisation problems.

The chapter is organised as follows: Section 5.2 introduces the necessary preliminaries

and formal definitions. Section 5.3 demonstrates that traditional evolutionary algorithms
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cannot efficiently solve the DIAGONAL function. Section 5.4 presents a competitive coevo-
lutionary algorithm that efficiently solves the same function, highlighting its advantages.
Section 5.5 provides experimental results to support the theoretical findings. Finally, Sec-

tion 5.6 concludes the chapter with a discussion of implications and future directions.

5.2 Preliminaries

We focus on the search space X x Y = {0,1}" x {0,1}" for any n € N. We consider the
filtration (F;):>0 including the information of (X, Yp), ..., (X¢, Y;) in this dissertation. For
any ¢ € [0, 1] and any problem with an optimum (z*, y*), we say that algorithm A finds an e-
approximation to the optimum (z*, y*) in iteration T' € N if ||z*|; — |zr|1| + ||y*]1 — |yr|1] <
en where (zr,yr) is the search point of A at iteration 7. “With high probability” is
abbreviated to “w.h.p.”. We define an event E,, with problem size n € N that occurs w.h.p.

if Pr(E,) >1—0(1/n).

5.2.1 DIAGONAL Games

In order to model the binary test-based optimisation problem inspired by Hillis’s method of
sorting networks (Hillis, 1990), a payoff function with X x ) as input and {0, 1} as output
is introduced as follows. Here X = {0,1}" is the solution space of a set of designs for
sorting networks and ) = {0, 1}" is the solution space of a set of test cases. We continue to
consider a function g : X x Y — {0,1}. We define g(z,y) = 1 if and only if design x passes
test case y. Our optimisation problem can be defined in terms of MAXIMIN optimisation:

find (x*,y*) € X x Y such that

for all (z,y) € X x Y, g(z,y") < gz, y") < g(z*, y).

131



Chapter 5. EA vs CoEA on Sparse Binary Zero-Sum Games

Recall Definition 4.4.3 in Chapter 2.2 (in Page 25): for X = {0,1}" and ) = {0, 1}", the
payoff function DIAGONAL : X x Y — {0, 1} is

Lyl <z
DIAGONAL(z,y) :=

0 otherwise.

For brevity, we will refer to DIAGONAL as g in the remaining of this chapter. Notice that
1 means the design = passes the test cases y € ). In this simple DIAGONAL game, y,, with
|yn]|1 = n represents the most difficult test case, and z,, with |z,|; = n is the solution that
can pass Yy, (i.e. g(z,,y,) = 1). Thus, (1",1™) is the MAXIMIN optimum in this case. In
this optimum, neither the design nor the test case is willing to deviate from affecting their
payoff g(x,y) anymore. This exactly coincides with the definition of Nash equilibrium.
This dissertation aims to explore whether the CoEAs can find such an optimal solution

efficiently.

5.3 Traditional EA cannot Solve Diagonal Efficiently

In this section, we would like to explore whether traditional (1, A)-EA can efficiently solve
problems with only binary fitness. For a fair comparison between traditional evolutionary
and coevolutionary algorithms, we chose the (1, \)-EA (Algorithm 12) as the closest tradi-

tional evolutionary algorithm to the coevolutionary algorithm studied in this dissertation.

Algorithm 12 samples z uniformly at random. We define the same mutation operator
Dt . for . Q is the sample space and w; € 2 means that the algorithm performs bit-wise
mutation for each bit in the bit-string with probability x/n where x € (0, 1] in iteration
t where z is of length n'. Next, we evaluate each individual by taking the fitness of i-th

offspring. Then, until the termination criteria are met, only the bit-wise mutation operator

'We consider y € (0, 1] including the default choice x = 1 used in Rowe and Sudholt, 2012.
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Algorithm 12 (1,)\)-EA (Jagerskupper and Storch, 2007)

Require: Search spaces X.

Require: Mutation D!, : Q x {0,1}" — {0,1}".
Require: Payoff function f: & — R.

1: Set t := 1 and choose z; € X uniformly at random.

2: loop until the termination criteria met

3: Set t:=1t+1

4: Let y11 := D(we, T4—1), .-, Yer = D(wy, T4—1).

5: Choose y: € {yt1, ...,y } among all elements with the largest f-value.

6: (1, M\)-EA: Set z; := y.

7: Go to 2.

mutates x. After that, Algorithm 12 selects the individual with the best fitness. If there is
a tie in line 5 of Algorithm 12, then we consider choosing among all the individuals of the

highest fitness uniformly at random. Next, we prove the following theorem.

Theorem 5.3.1. Given any ¢ € (0,1/4), n € N and the function f:{0,1}>* — {0,1} s.t.
z = (z,y) where x,y € {0,1}" and f(z) = DIAGONAL(z,y), the runtime of (1,\)-EA with
A = poly(n) and constant x € (0,1] on finding an e-approximation to the optimum (i.e.

NASH Equilibrium,) of f is at least e™) with probability 1 — e~

Proof. Note that the Nash Equilibrium of f are search points with (1", -). Note that (1, \)-

EA initialises the search point uniformly at random.

Before proving the result, first, we need some notation. We denote x4, y; by the binary
bitstring for the leftmost part and rightmost part of the original bitstring and X, Y; by the
numbers of 1-bits of x,y respectively at iteration ¢. Let M; = n — X;. Next, to show the
runtime’s lower bound, we define the first hitting time 7, := inf{t > 0 | M; < en} for any
e €[0,1). Note that X, are subject to Binomial distribution Bin(n,1/2). We compute the

probability of My < (1 —n)n for any n € (0,1).
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Pr(My<(1—mn)n)=Pr(n—Xo<(1—n)n)=Pr(Xo>(1+n)n)
By using Chernoft’s bound (Theorem A.2.4) on Zy ~ Bin(n, 1/2), we have

2
< exp (—%) = =M, (5.1)

This means that the initial search point X satisfies My > (1—n)n with probability 1—e~™

for any constant n € (0,1) with overwhelmingly high probability. We satisfy one of the

assumptions of Theorem 2.8.2 with high probability.

Next, suppose the numbers of 1-bits of A\ offspring from x,y respectively at iteration ¢

are denoted by
AR NG AR ORINE AR !
Based on the bitwise mutation operator, we have, for i € [A],

X% ~ Bin(n — X, %) — Bin(X;, Y) and ¥, ~ Bin(n — V;, X) - Bin(Y;, ). (5.2)
n n n n

Next, we divide the analysis into two phases.

(1) First, we show that after initialisation, w.h.p., the algorithm takes polynomial runtime

to reach

C:=A{(z,y) € {0, 1}" x {0, 1}" [ [z = [yh}.

Moreover, once the search point reaches C, Pr (X, > n(1 — ¢)) > e~**™ for some constant
c € (0,1/2). In other words, it takes exponential time to reach n(1 — ¢) in z-direction

w.h.p.

At iteration ¢, if X; <Y}, then there is nothing to show. Suppose X; > Y, and consider

the potential H; :=Y; — X;. Then, we define the runtime as

Ty :=inf{t > 0 | H; < 0}.
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We first compute the drift:

E(H; — Hyy | Hy) = E(Y; = Yiya | Hy) — E(Xe — Xoga | He).

Note that we consider the case where the algorithm has no selection pressure but mutation-
driven. It performs a random walk towards C. Otherwise, if one of the offspring is in C,
then our phase 1 is finished as we certainly select one of the offspring in C' at the next
iteration. Using Equation 5.2 gives

E(H, — Hypy | Hy) = (2Y; — n)% —(2X, — n)%
=2(Y; — X)

2
— —XHt
n

3=

Using the multiplicative drift theorem with the upper tail bound gives

1
Pr (TO - w> <o
2x

By choosing » = n, we have

1
Pr (To - M) <o
2x

Next, we consider Sy := Lyepy-(n(1 — ¢) — X)) +L>py -0 for some constant ¢ € (0,1/2)
and define 7} = inf{t > 0| S; = 0}. Let us assume n(1 —¢) > X; > n/2. Before t < T,
the algorithm performs a random walk on search points with fitness 0. Thus, for each step

and t < Ty,

. n X J Xj 1
Pr(]S; — Sia] > j) < (]) <5> < 5 < o

We satisfy the exponential decay step size condition in Theorem 2.8.2. Next, we compute

the negative drift from Eq. 5.2.

E(S; — Si1 | S1) < (n—2Xy) % eryy < —% < 0.
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Thus, together, we use Theorem 2.8.2 with a = 0,0 = (1 —¢)n,0 = X,7 =17 = 1. We can

summarise that there exists some constant d > 0 such that
Pr (T1 > ed") > 1 — e U,

This implies that after we finish Phase 1 and enter Phase 2, X; > (1 — ¢)n w.h.p. for any

constant ¢ € (0,1/2).

(2) Now, the algorithm enters the set C'. We also assume that en < M; < ¢n for some
constant c. We now analyse the drift in z-direction using the potential M; = n — X;. The
drift consists of two parts (positive and negative drift, denoted by Af and A, ). Note that
we can optimistically assume that we only flip zero bits and contribute to A}. Each bit is
flipped with probability X. Thus, we have the trivial upper bound:

E(Af | M) §cn-%:cx.

We divide the negative drift part into two cases.

(2.1) If X; > Y}, then the algorithm can flip one of the zero bits to move backwards in

z-direction. For y, we consider the case that it remains no bit flipped.

PrVi=Yi)=(0-=2)">e™

e
We consider the lower bound for Pr (A = —1).
Pr (A; = —1) > Pr (A; =—1AY, = Yt+1)
> (n _1 cn) X = (1 —c)xe X.
Now, we can compute the negative drift:
B(A; | My) < (1) (1 = o)xe ™.
Together, if we choose a constant 0 < ¢ < ﬁ, then

E(Mt — Mt+1 | Mt) = E(A.—; + A; | Mt) S CX — (1 — C)XG_X
1
SX((l—l——)c—i) < 0.
ex ex
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(2.1) If X; =Y, and note that M, < en which implies X; = Y; > (1 — ¢)n, then

2
Pr(A; =-1) >Pr(A, ==1AYy - Y, =-1) > ((n—lcn)%(l_%)n_l)

> (1= e)xe™)’
> (1 — 2¢)x%e 2.
Now, we can compute the negative drift:

E(A; | Mt) < (=1) - (1 —2¢)xe X

Together, if we choose a constant 0 < ¢ < ﬁ(, then

Thus, by combing these two cases with 0 < ¢ < min{ }, we obtain the negative

X X
exX+17 e2x+42y

drift E(M; — My, | My) < — f for some constant f > 0.

To verify the exponential decay step condition, we define the number of offspring such

that AE” = Xt(i) — Yt(i) >0 by N:
N:={ie N} AY >0}

We can see that for each i € [\,

Pr(af > 0) > (1- %)= >

n =2
where we define N* ~ Bin(\, gy+). Then, we can see that N stochastically dominates N*
(ie. N* = N) since N ~ Bin(\,Pr <A§i) > O)) where Pr <A§i) > O) > gn+. By using

stochastic dominance, we obtain: for any ¢ € (0,1),
Pr(N < (1—=90)Agn+) <Pr(N*<(1—0)A\gn+) =Pr(N* < (1—-0)E(NY))
Using Chernoft’s bound (Theorem A.2.5) gives

< exp (=E(N*)§/2) = e W,
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Note that Aﬁ” > 0 means that we have f (zt(z)) = 1 and the above concentration result
means that when sampling A offspring, there are at least (1 — §)\/2e?X offspring of fitness

1 with probability 1 — e=*™. Then, for any j € Ny, the law of total probability gives
A
4e2 X)
A A
+Prt |]\41¢L Mt+1|>j|N_4 N PI'(N<

— 4e2x

. A
Prt(|Mt — Mt+1| 2 j) = Prt (|Mt Mt+l| >] | N = 4 2X> PI'(N >

)

Using Pr(N > 3:) <1 and Pr(N < 3;) < e %W give

4e 2X 4€2X

A
< PI't (|Mt Mt—|—1| > ] | N > 4—) + e_Q()\)
6

Recall that Xlt(i)7 Y;(i) denote the number of 1 bits of i-th offspring for x, y individual respec-
tively (for i € [A]). Let us denote the difference between Hamming distance to the optimum
for each i-th offspring (i.e n — X; — (n — Xt(i)) =x— X;) by Z .= X% — X, and the
event {|M; — M;1| > j} by E;. We also denote the event {k-th offspring is selected} by

Fy.. Using the law of total probability for conditional probability gives

A
A A _
:ZPr(E |N>42 ,Fk)Pr<Fk|N>42 )+e QM)
k=1

When conditioning on £}, the event E; becomes ]Z \ > j. Thus, we have
a S By
k=1
We can upper bound the probability of |Z | > j by only considering flipping j bits among

n-bitstring. Thus,

A
n A
< Z (]>( ) Pr (Fk | N > 4€2X> + e~
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Recall that N denotes the number of the offspring of fitness 1 (i.e.Agi) > 0) and Fy denotes
the event that the k-th offspring will be selected. As mentioned, when the algorithm comes
across a tie, we select the offspring uniformly at random among those offspring of fitness

1. Thus, we get

Also, note that we condition on the event that N > \/4e?x.

4e%x Q 8e?X
Q0N <« &
< 5 +e < 5

Now, we satisfy condition (2) in Theorem 2.8.2 with r = 8¢*' = o(n/logn) and n = 1.

Note that there is a failure event such that all the offspring will be in {0,1}*" \ C' (with
fitness 0). We know that each offspring has at least a constant probability 1/2e%X to stay in
C. The probability of this failure event is at most (1 — 1/2¢2¥)* = 2™ with A = poly(n).
We optimistically assume that we have a runtime 7. = 0 in any failure events. By using the
law of total probability, we can conclude that the runtime of (1, A)-EA with A = poly(n) and
constant x € (0, 1] on finding an e-approximation to the optimum (i.e. NASH Equilibrium)

of fis at least ™ with probability 1 — e~

From our analysis of the (1, A\)-EA on DIAGONAL, Theorem 5.3.1 shows that for any con-
stant € € (0,1/4), the standard (1, A)-EA cannot find any e-approximation of the MAXIMIN

optimum of DIAGONAL efficiently. Moreover, by Markov’s inequality:
E[T.] > e Pr(T. > ) = (1 — e~ M) = %),

DIAGONAL only consists of binary values, resulting in a very hard and flat fitness landscape
in the search space. It leads to a random walk of the search point on the search space,

which consists of fitness 1 (i.e. in a grey area of Figure 5.1). A further insight is that
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traditional EAs (e.g. (1,A)-EA, (1+1) EA) cannot cope well with the interaction between
x and y since these algorithms might only favour the highest (or lowest) fitness other than
NASH equilibrium in DIAGONAL?. The approach of considering a pair of individuals from
two distinct populations (r € X and y € )) as a single entity within one population
(represented as z := (z,y)) fails to capture the complexity of interactions between these
two populations. So is there any alternative evolutionary approach that could help us to

resolve this issue?

5.4 Competitive Coevolution Solves Diagonal Efficiently

After our analysis, we know that (1, \)-EA cannot solve the DIAGONAL Games efficiently.
We are wondering whether a competitive CoEA exists that can solve this problem by
changing the selection mechanism or increasing the size of offspring. The key is to properly
capture the complex interaction between populations so the algorithm can find NASH equi-
librium efficiently. So, we extend the traditional evolutionary algorithm in the context of
competitive CoEAs and consider the (1, A)-variant of CoEAs. Then, we prove (1, A)-CoEA

solves the DIAGONAL problem in expected polynomial runtime.

Algorithm 13 samples both design x and test case y uniformly at random. We define

t

the same mutation operator D

for both z and y. € is the sample space and D! ()
means that for any x € {0,1}", the algorithm performs bit-wise mutation for each bit in the
bit-string with probability x/n for x € (0,n) in iteration ¢. Then, instead of using pairwise
dominance, we evaluate each design by taking the payoff of i-th offspring against the parent
opponent and evaluate each test case by taking the payoff of it against the parent design

for A offspring. Then, until the termination criteria are met, only the bit-wise mutation

operator mutates either x or y in an alternating manner. After that, Algorithm 13 selects

2The proof of Theorem 5.3.1 can be generalised to a broader class of traditional EAs
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Algorithm 13 (1,))-CoEA (Alternating Update)
Require: Search spaces X', ).

Require: Mutation D! (z) : Q@ — {0,1}" for all z € {0,1}"
Require: Payoff function g : X x Y — R.

1: Sample z ~ Unif(X'); Sample y ~ Unif(}).

2: fort € {1,2,...} do

3: if tmod2=0 then

4: fori=1to A do

ot 2’ ~ D (2);

6: T 1= arg maX;e|y] 9(=',y);
7: else

8: fori=1to A do

9 Y' ~ Dt ();

10: Y 1= arg maxX;e|y| —g(z,y');

the pair of the design and the test case of the best fitness. In the following analysis, we
define f(z) := g(2*,y) and h(y') := —g(z, y*) where x,y, z*, y* are defined in Algorithm 13.
In terms of tie-breaking, Algorithm 13 selects uniformly at random among the optima.

In this dissertation, in order to achieve polynomial runtime for Algorithm 13, we restrict

A € poly(n).

5.4.1 Characteristic Lemma for Alternating Update

In this section, without loss of generality, we write the A\ offspring at generation t € N in
descending order in their I-norms: |z{"]; > |x§2)|1 > o> 2WY)) and ]y§1)|1 > |y§2)|1 >

cee > |y§)‘)|1. We also use Xt(i) and Yt(i) to denote |x£i)\1 and |y§i)\1 respectively. X; := |z|q

and Y; = |y|s where 4,9y, € {0,1}" are the current search point at iteration ¢t € N. To
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avoid disrupting the flow of this chapter, we defer the proofs of the following technical

lemmas to the appendix.

Lemma 5.4.1. Consider the predator payoff of x-bitstring denoted by f and the prey payoff

of y-bitstring denoted by h in Algorithm 13,

(1) If [#W]y > [2@]y, then f(aV) > f(2®).

(2) If lyD |, > [y, then h(y™M) > h(y®?).

By Lemma 5.4.1, if all A offspring have the same 1-norms, then they have the same
fitness. In this case, the current search points in the algorithm will correspond to random
walks in the search space. The algorithm makes actual progress based on argmax selection

mechanism when “crossing the diagonal”. Next, we rigorously define it.

Definition 5.4.1 (Cross the diagonal). Given Algorithm 13 applied to DIAGONAL, and
for current search point (z¢,y:) € {0,1}" x {0,1}", assume that we have the \ offspring
at iteration t € N in descending order in their 1-norms. We say that X\ offspring cross
the diagonal horizontally at iteration t, if there exist some k such that |x¥|; > |y|1 with
lyel1 > |xe|1; We say that X offspring cross the diagonal vertically at iteration t if there
exist some € such that |yf|y > |w¢|1 with |z¢)y > |yili. We say X offspring cross the diagonal

if either occurs.

Definition 5.4.1 means that when crossing the diagonal, the fitness of either the z-bitstring
or the y-bitstring strictly improves. Next, we introduce the concept of a c-tube (the purple

strip as presented in Fig. 5.1).

Definition 5.4.2 (c-tube). Define C := {(z,y) € X x V| ||z]1 — |y|1] < ¢} c-tube. We say

a current search point (x,y) € X x Y lies outside the c-tube if (z,y) ¢ C.
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A

L,

>

Figure 5.1: Example of DIAGONAL problem and drift tendency. The horizontal axis repre-
sents the number of 1-bits in the designs x, and the vertical axis represents the number of
1-bits in the test cases y. The grey area represents search points of payoff 1, and the rest

represents search points with payoff 0.

5.4.2 Phase 1

Algorithm 13 updates the search point in an alternating manner. From the characteristic
lemma and definition of crossing the diagonal, we know when Y; — X; > 0, Algorithm 13
makes progress on searching the optimum by updating X; to let it cross the diagonal and
vice versa. In the analysis, we want to avoid the case when Y; — X; > 0, but Algorithm 13
updates Y; instead of X; in c-tube. This inspires the following definition. We define a

successful cycle formally.

Definition 5.4.3. Given ¢ > 0, then for allt € N, a cycle in iteration 2t is called successful
with respect to ¢ if Xoy +c¢ > Yo > Xop, Yorp1 +¢> Xopp1 > Yorpq and Xopyo +¢ > Yoo >
Xopyo. A cycle in iteration 2t + 1 with respect to c is called successful if Yori1+c¢ > Xoppq >

Yorr1, Xoppo +¢> Youn 2> Xopo and Xopg + ¢ > Yoz > Youyps.

A successful cycle implies that the algorithm crosses the diagonal twice without leaving
the c-tube. We show that the search point will move along the diagonal towards the
optimum. We use H; := 2n — (X; + Y;) as the potential function to show that there is a

positive drift towards the optimum (X;,Y;) = (n,n) although with a small probability of
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escaping from the c-tube.

In the following analysis, we consider a deterministic initialisation to simplify the analysis.
The following analysis sufficiently covers the core principle of how Algorithm 13 works via
competitive coevolution. We consider an initialisation at (0™,0") which is the farthest
search point with respect to the optimum (n,n) in terms of Hamming distance. First, we

present our main lemma in this subsection.

Lemma 5.4.2. Assume that Algorithm 13 is initialised with (Xo,Yy) = (0,0). For all
t € N, we define D, := |X; — Y,|. For any constant ¢ € (0,1), define T := inf{t > 0 |
Hy :=2n— X, =Y, < en} and for all T € N, let E, denote the event that the algorithm
has T consecutive successful cycles with respect to ¢ or mingep, Hy < en. If there exists

c¢>0,pe,pe €[0,1] s.t. forallt € [1,T/2),
(1) Pr(Xop1 > Yoreg | Xop < Yor) > 1 — py;
(2) Pr(Xopro < Yorio ’ Xotr1 > Y1) > 1 —pg;

(3&) Pr (D2t+1 >c ’ Dy < C) < Pe;

(8b) Pr(Day2 > ¢ | Doyr < ¢) < pe,

then Pr (E;) > 1 —27(p. + pe).

Conditions (1), (2) mean that the search point crosses the diagonal at iteration either
2t or 2t + 1 with probability at least 1 — p.. Condition (3) means that the search point
escapes from the c-tube at iteration ¢ 4+ 1 with probability at most p. for all ¢t € [1,T). So
Lemma 5.4.2 gives a lower bound for the probability that the algorithm has 7 consecutive

successful cycles.

We will use Lemma 5.4.2 to wrap up all the arguments with 7 = Q(n) and A = n®®)

later. We proceed with Phase 2 by assuming a successful cycle always exists in the analysis.
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In other words, when Y; > X, a successful cycle guarantees that we update X; and when
Y; < X;, a successful cycle guarantees that we update Y;. We will compute p. and p. in

Phase 2.

5.4.3 Phase 2

Let us define D; := | X; — Y}| to be the distance of the current pair of search points (z,y) to
the diagonal. After the search point crosses the diagonal, we start Phase 2. We divide Phase
2 into three sections. Firstly, we show that given a search point stays within some c-tube,
the A offspring cross the diagonal with probability 1—2 (%) Q%X. Meanwhile, the search point
escapes from the c-tube with probability bounded from below by ﬁ Secondly, we show
that we always have a positive drift when the search point crosses the diagonal. Finally,

we wrap up everything using a restart argument, which accounts for the failed generations.

5.4.3.1 Phase 2.1

Firstly, we need some lemmas to formulate the most likely scenarios when A offspring are

produced.

Lemma 5.4.3. (Cameron, 1994) Given a binomial random variable Z ~ Bin(n,p), Pr(Z is even) =

T+1-(1—2p).

We will use Lemma 5.4.3 to show the following Lemma 5.4.4. We see from Lemma 5.4.4
that we need a sufficiently large offspring size to avoid the case that Xt(l) coincides with
Xt(/\) and guarantee that there is some offspring identical to the parents pair with high

probability.
Lemma 5.4.4. Given problem size n € N, offspring size A € N, iteration t € N, and
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mutation rate x = O(1), if t is even, then

Pr (Elk € [)\],a:k = xt) >1—e N Pr{maxX'>min X! | >1— e %W,
t 1E€[A] t 1€[N] t

If t is odd, then

Pr(36 € Do =) 2 1", Pr ()7 > miny?) 2100

Next, we provide some useful concentration inequalities, which can be used to show how
much deviation is made by each i-th offspring in the number of 1-bits. To obtain the

concentration, we proceed by using Moment Generating Functions (MGFs).

Lemma 5.4.5. Forn € N and any s € [0..n], we define U = Vi — Vy where Vi ~ Bin(n —
s, x/n) and Vo ~ Bin(s,x/n) are independent, with x < n. The MGEF (moment generating

function) My (n) < exp (x(e” — 1)) for any n > 0.

Lemma 5.4.6. With the same setting as Lemma 5.4.5, for any s > 0 and A > 1,

Pr (U > 5) < Me= (A - Byrthermore, for any s > e?x and any A > 1, Pr(U > 5) <

6_(X+5) .

Given Algorithm 13 with constant y > 0, we define the number of 1-bits in each offspring
i € [A] in t iteration as XY Given the current number of 1-bits s € [n] for the parent
solution, we define the change of the number of 1 in X, for each offspring by AXt(i) ~
Vi — Vi where Vi ~ Bin(n —s,%) and V3 ~ Bin(s, ). So AX{" has the same MGFs from

Lemma 5.4.5 for each i € [n]. From Lemma 5.4.6, for any ¢ € [A\] and s > 0, we have

Pr (AXt(i) > 3) < e X )\XemshninA

5.4.3.2 Phase 2.2

Next, we show in a certain c-tube that the search point crosses the diagonal with high
probability, resulting in the positive drift towards the optimum. First, we show the search

point induced by Algorithm 13 crosses the diagonal w.h.p.
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Lemma 5.4.7. Given problem size n € N, offspring size A € N, iteration t € N, let
¢ = kInA/Inln X for any constant k € (0,1), we denote E; to be the event that the
algorithm crosses the diagonal as defined in Definition 5.4.1 at iteration t + 1. Assume
any constants x > 0 and € € (0,1). If Dy < ¢, n— X; > en and n —Y, > en, and if
either of the two conditions holds (1) t is even and X; < Yy; (2) t is odd and X; > Y, then
Pr(E,) >1— 2\ =x

Lemma 5.4.7 states that if the search point lies in a given tube of width ¢, then before
reaching an e-approximation, the search point keeps crossing the diagonal at next iteration

with high probability.

Next, we show that the search point deviates from some c-tube with a small probability.
The idea is to show that the algorithm is more likely to select the offspring which lie inside

the c-tube. We first prove some lemmas to proceed.

Lemma 5.4.8. Let problem size n € N, offspring size A € N, iterationt € N, n — X; > en
and n—Y; > en for any constant € € (0,1) and constant mutation rate x € (0,1). For any
ke (x,(14+x)/2), let c:=rkInA/Inln A,

(1) if t is even and X; <Y}, then c satisfies

(A) Pr (maxiep\] AX] > Dy | Dy < c) > 1— 2\ zx

(B) Pr(K/M <2(1+06)(1/NX)>1—e N for any constant § € (0,1)
where AX] = X} — X, and K = |{i | AX] > Dy + c}| and M = |{i | AX} > D;}|.
(2) If t is odd and X, > Y, then ¢ satisfies

(C) Pr(maxiepg AYy > D, | Dy < ¢) > 1— 2\ %x

(D) Pr(K'/M' <2(1+0) (1/\*X) > 1—e N for any constant § € (0, 1)
where AY =Y, —Y;, and K' = |{i | AY} > Dy +c}| and M’ = |{i | AY}; > D;}|.
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Notice that in Lemma 5.4.8, AX} denotes the change of number of 1-bits in the i-th
offspring of x;, and K = [{i | AX] > D; + c}| is the number of samples/offspring s.t.
AX} > D;+cand M = |{i | AX] > D,}| is the number of samples/offspring s.t. AX} > D,
and similar for y;. Conditions (A) and (C') in Lemma 5.4.8 mean that for sufficiently large A,
the next search point produced by Algorithm 13 crosses the diagonal with high probability.
Conditions (B) and (D) in Lemma 5.4.8 mean that in those offspring which cross the
diagonal, the portion of offspring which make a large jump to cross outside the c-tube is

rare with overwhelmingly high probability.

Lemma 5.4.9. (Escape from the c-tube with small probability) Assume that the conditions
of Lemma 5.4.8 hold. Consider (1,\)-CoEA on DIAGONAL. We define H; == 2n— X; —Y;.
Let T := inf{t > 0| H; < en} for any constant € € (0,1). For anyt € [1,T], any constants

X € (0,1) and v € (0, (1 — x)/2), we have
1 v
Pr(Dt+1 > C | Dt < C) S 9 <X>

where ¢ is defined in Lemma 5.4.8.

Lemma 5.4.9 means that if the search point lies in a given tube of width ¢, then before
reaching an e-approximation, the search point stays in the given tube with probability

1 — 0O (1/X\) for constant v > 0.

We use Lemma 5.4.8 to show that, firstly, within a c-tube, the search point can cross
the diagonal with high probability. Then, we consider two extreme cases when the search
point lies in the tube. Assume Y; > X, the first one is that the search point is close to the
upper boundary (Y = X + ¢ in Figure 5.1, with Hamming distance 1), then we need to
show that the search point can still cross the diagonal but not cross too much and escape
from the lower boundary (Y = X — ¢ in Figure 5.1) with high probability. The second
extreme case is if the search point stays very close to the diagonal (with Hamming distance

1). Tt is a challenge to show that the next search point will not escape from the lower
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boundary since we have already shown within the tube that there is a high probability that
the offspring jumps at least Hamming distance D; to cross the diagonal. So, it is the case
that a few offspring may escape from the lower boundary. The key is to observe that more
offspring that cross the diagonal lie inside the tube compared with those outside the tube.
With low mutation rates, the probability of flipping r bits is monotonically decreasing in
r. Hence, many offspring only flip a few bits. All the offspring in Algorithm 13 which
cross the diagonal have fitness 1 since the offspring will lie in the grey area of Figure 5.1.
Then Algorithm 13 selects the next search point uniformly at random from these offspring
crossing the diagonal and with an overwhelmingly higher probability to select those inside

the tube since most of the offspring sharing the fitness 1 still lie inside the tube.

Lemma 5.4.10. Let problem sizen € N, offspring size A € N, iterationt € N, n—X; > en
and n —Y; > en for any constant ¢ € (0,1). For any x € (0,1), let D, € [0,c] where
c= (#)ln A/Inln . If t is even and Yy > Xy, then X1 — Xy > 1 with probability at
least 1 — O(1/XN=I/%) If t is odd and Y, < Xy, then Yii, — Y, > 1 with probability at least

1 — O(1/AO=9/%) . Moreover, let Hy := 2n — X; — Yy, then E(H; — Hyyy) > 1/2.

We defer the proof to Appendix A.6. From Lemma 5.4.10, before reaching an e-approximation,
if the search point stays within the c-tube, there exists a positive constant drift towards
the optimum when considering H; the Hamming distance to (n,n). Since we show the

existence of positive drift, next we come to the main theorem of this chapter.

5.4.3.3 Phase 2.3

Now, we wrap up everything and use a restart argument to compute the overall runtime
using Lemma 5.4.2 and Lemma 5.4.10. We will restart the algorithm every 27, generation
with xg = yo = 0" and T, := 4(2 — §)n for any constant 6 € (0,1). Given the problem size

n € N, we have the main result:
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Theorem 5.4.1. Consider the (1,\)-CoEA with constant mutation rate x € (0,1), and
offspring size X > (264(2—6)n)* =) for any constant 5 € (0,1). Assume that the algorithm
18 initialised at x = y = 0", and restarted at v+ = y = 0" every 2T, generations, with
T.:=4(2—0)n. Then the expected time to find a §-approzimation to the MAXIMIN optimum

of DIAGONAL is at most 24(2 — §)An.

Proof. Assume that before reaching a d-approximation to the MAXIMIN optimum of DIAG-
ONAL, Algorithm 13 starts from (X, Yy) = (0,0), t iseven if X; < Y; and ¢ is odd if X; > V.
We use H; = 2n— X, —Y,; as our potential function. We define D; = |X;—Y,| as the distance
function away from the diagonal in |z|;-|y|; plane. We define T':= inf{t > 0 | H; < dn}
for any constant § € (0,1). Then we want to show E(T") < 2(2 — d)n. Note that ¢ defined

in Lemma 5.4.10 and

T:=inf{t >0| H; < on}

We replace § with 3¢ where € € (0,1/3) and ¢ = ;52X In .

=inf{t >0| Dy < ¢\ Hy < 3en} :=T_3..
If D, < ¢, without loss of generality assume X; > Y;, then D; < ¢ implies that n—Y; > n—

X, X; =Y, < cand moreover H; > 3en implies that n—X; > 3en—n+Y; > 3en—n+ X, —c.

This is equivalent to n — X; > % Thus, if D; < ¢ and H; > 3en, then

en — en —
n—X; > i and n —Y; > €n2 C.
1+3x n
In Lemma 5.4.10, we assume ¢ = ﬁlTl,\/\ = O(In\) = o(n) where the last equality follows

from the assumption in this dissertation A = poly(n). For sufficiently large n, we have for

any ¢ € (0,1/3),

n—X;>enand n—Y; > en.
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Now, we meet the conditions of Lemma 5.4.10. Under this setting, by Lemma 5.4.10,
E.(H¢ — Heyq) > 1/2. By the additive drift theorem He and Yao, 2001,

2n —3en (2 —3e)n
E(T) <E(T.3.) < /2 1/2

=2(2-9)n.

Now, consider the failure event that a cycle (consecutive steps) fails to be successful at
some iteration t. We want to use Lemma 5.4.2 to restart the analysis if such a failure
occurs. To clarify our argument, recall from Definition 5.4.3 that a cycle is two consecutive
generations of the algorithm. A cycle can be successful (see Definition 5.4.3). We call T,
such cycles a T,.-cycle phase, and we have a failure in a T,.-cycle phase if any of the T, cycles
is unsuccessful. Note that the event that a successful cycle in Definition 5.4.3 breaks is
equivalent to the event that either the search point escapes from the c-tube or does not
cross the diagonal during the cycle. By Lemma 5.4.7, the probability that the search point
does not cross the diagonal is at most p. = 2A~/2¢. By Lemma 5.4.9, the probability that

the search point lies outside the c-tube where ¢ in Lemma 5.4.9 is at most p, = 9(5)! /4.

By Lemma 5.4.2, we have
Pr (The algorithm has T, consecutive successful cycles) > 1 — 27T.(p. + pe)

Substituting p, = 2(+)/2¢* and p, = 9(+)170/4 gives

1 1
hY hY

2 1 — 2Tc (2(%)1/2(3)( + 9(%)(1—X)/4> ]

Recall that e % > 12X > X for y € (0,1). Then, we have

>1-—2T,- 11(§)<1—><>/4.

Picking T, = 4(2 — 6)n and X > (264(2 — 0)n)* (17X gives

= 2642 —6)n 3’

42—8)n-22 2

This means that the algorithm has 4(2 — §)n successful consecutive cycles with probability

at least % If the algorithm fails to have such a successful consecutive cycles, then we restart
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the algorithm. In a successful phase, the algorithm finds a d-approximation in expected
time 2(2 — 0)n generations. By Markov’s inequality, the algorithm finds a d-approximation
within 4(2 — d)n generations with probability at least 1/2 (otherwise we consider this a
failure). By taking a union bound on the failure events (i.e. an unsuccessful T,-cycle
phase or the algorithm does not find the d-approximation within the end of the phase),
the algorithm finds the d-approximation in a phase of length T, cycles with probability
p>1—1/3—-1/2=1/6. Hence, we multiply a factor of 6 to obtain the overall expected

runtime is at most 4(2 — §)n/p < 24(2 — H)n.

Notice that we only compute the number of generations so far. To obtain the runtime of
algorithms (number of function evaluations), we need to multiply A for each iteration. So

we end up with the expected runtime of Algorithm 13 is 4\(2 — d)n for A = Q(nﬁ)

Theorem 5.4.1 shows that a large offspring population size helps the CoEA cross the
diagonal consistently with high probability, which is thus favoured during selection and
finally leads to the positive drift towards the optimum. Note that we require the algorithm
to start with (0™,0"). For uniformly at random initialisation, we conjecture the runtime
is asymptotically the same. We simplify the analysis by considering the base case (0™, 0").
Lemma 5.4.8 and Lemma 5.4.9 show the necessity of large offspring size. Otherwise, a
small number of offspring will let CoEA fall to the flat fitness landscape apart from the
tube along the diagonal and then get lost in the random walk around the search space.
To summarise, with the proper design of coevolution and large offspring population size,

(1, A)-CoEA can find an e-approximation to the optimum of DIAGONAL efficiently.

152



5.5.  Experiments

5.5 Experiments

Our theoretical results only consider approximation, while the experimental results consider
finding the exact optimum. To complement our asymptotic results with data for concrete
problem sizes, we conduct the following experiments. The main focus of the experiments is
to explore the impact of mutation rates y and how the runtime scales up with the problem

size n.

5.5.1 Settings

We conduct experiments with the (1,\)-CoEA on the DIAGONAL with n = A = 1000
and the initialisation of the algorithm is set up as uniformly at random. We also set
different mutation rates in the range of 0.2 to 2.2 in increments of 0.2 (explore the error
threshold of mutation rate, often greater than 1.0) and conduct 100 independent runs
for each configuration to explore the suitable range of mutation rate for the DIAGONAL

problem. The budget for each run is set to be 10° function evaluations.

1e9 (1, A)-CoEA with Alternating Update on Diagonal Games 1e7 (1, A)-CoEA with Alternating Update on Diagonal Games
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Figure 5.2: Runtime of (1, A\)-CoEA on DIAGONAL. Left: Runtime against different mu-
tation rates under n = A = 1000. Right: Runtime against specific x = 0.6. The red curve

is f(n,A) = 6An where in this case we set n = A.
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Then, as Fig 5.2 shows, x = 0.6, the expected performance of (1, \)-CoEA is the best.
Then, we fix such a mutation rate, and run the experiments in the range of n = 100 to
n = 1000 in increments of 100. We conduct 100 independent runs for each configuration.

The budget for each run is 10° function evaluations.

5.5.2 Results

Fig 5.2 displays the runtime of (1, A)-CoEA on DIAGONAL for different mutation rates
from 0.2 to 2.2. This data confirms that for the suitable low mutation rates and sufficiently
large offspring size, Algorithm 13 finds the optimum efficiently. The higher mutation rate
eventually leads to the inefficiency of the algorithm. As we observe in Fig 5.2, under suitable
mutation rate y = 0.6, the empirical average of the runtime is bounded above by O(An).
Notice that our theoretical analysis requires A = Q(n* 7)), while it seems that A = O(n)
in the experiments is already sufficient to guarantee a polynomial runtime for (1, A)-CoEA
on DIAGONAL. This suggests that the current bound may not be tight and our theoretical

analysis still has room to improve.

5.6 Discussion and Conclusion

CoEAs exhibit complex dynamics on MAXIMIN optimisation. To the best of our knowledge,
this dissertation is the first runtime analysis of CoEAs on binary test-based adversarial
optimisation problems. As a starting point, we propose a binary test-based problem called
DIAGONAL. We showed that for DIAGONAL, the (1, \)-EA get trapped in a binary fitness
landscape. Thus, traditional (1, \)-EA failed to find any approximation to the optimum in
polynomial runtime due to negative drift induced by the flat fitness landscape. However,
for the (1,A)-CoEA with the alternating update method, if the offspring population is

sufficiently large A = Q(n*=X) with a reasonable constant mutation rate y € (0, 1), it
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can find an approximation to optimum efficiently in expected runtime O (An). We want
to highlight the necessity of coevolution and large offspring size in solving these binary

problems in which the fitness landscape is very flat and hard to search from these analyses.

On the technical side, this dissertation shows that mathematical runtime analyses are
also feasible for the (1, \)-CoEA. We are optimistic that our tools will widen the toolbox
for future analyses of competitive CoEAs. On the practical side, it brings insight for
practitioners that traditional EAs may not be well-suited for DIAGONAL-like problems.
We suggest using CoEAs with large offspring population sizes and relatively low mutation
rates, when searching for Nash Equilibria on binary problems with large flat regions in the

payoff landscape.

For future work, it is interesting to provide a more precise upper bound for the runtime
of (1,)-CoEAs on DIAGONAL and a more general analysis by relaxing the deterministic
initialisation, since the empirical results suggest our theoretical bound might not be tight.
Using more advanced theoretical tools like (Lehre and Lin, 2024a), we can derive a better
tail bound of the current runtime for (1, \)-CoEA. It is also worth exploring whether there
are more efficient ways to capture the interaction between two populations, for example,
by combining coevolution with self-adaptation (Hevia Fajardo et al., 2024; Qin and Lehre,
2022) or multi-objective optimisation (Benford et al., 2024). Furthermore, it is exciting to
explore the behaviour of CoEAs on a more general class of payoff functions like generalised

boundary test-based problems.
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Chapter Six

Single-Pair vs Population-Based CoEAs

on Sparse Binary Zero-Sum Games

This chapter is based on the following publication:
Towards Runtime Analysis of Population-Based Coevolutionary Algorithms on Sparse
Binary Zero-Sum Games (Lehre and Lin, 2025) which is published in Proceedings of the
39th AAAI Conference on Artificial Intelligence (AAAT'25).
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6.1 Background

The maximin problem is a significant class of optimisation problems in machine learn-
ing, with applications in adversarial optimisation, training, game playing, and matrix
games (Daskalakis and Panageas, 2018; Gidel et al., 2017; Goodfellow et al., 2020; Grand-
Clément and Kroer, 2021; Lin et al., 2020; Mertikopoulos et al., 2018; Palaniappan and
Bach, 2016; Robey et al., 2024; Wei et al., 2021; Zhang et al., 2022). When gradient in-
formation is available, gradient descent ascent (GDA) is a natural approach, especially for
bilinear objectives like f(x,y) = 27 Ay (Daskalakis and Panageas, 2018; Gidel et al., 2017).
However, when gradients are inaccessible but the problem is convex-concave, zeroth-order
methods can provide solutions (Beznosikov et al., 2020; Dvinskikh et al., 2022; Gasnikov
et al., 2022). The absence of gradients or a nonconvex-nonconcave structure, however,

makes these problems intrinsically more challenging (Colson et al., 2007).

Theoretical analysis of evolutionary algorithms on discrete maximin problems is limited.
Recent studies (Fajardo et al., 2023; Lehre, 2022) have conducted rigorous runtime analy-
ses of CoEAs on discrete maximin problems such as DISCRETE-BILINEAR, demonstrating
that single-pair CoEAs and population-based CoEAs with pairwise dominance can solve
DISCRETE-BILINEAR in polynomial runtime. However, there is a gap in the theoreti-
cal understanding of CoEAs on more challenging discrete games with binary outputs (i.e.
g: X x)Y — {—1,1}), as originated from seminal works on co-evolving sorting networks
and test cases by Hillis (1990) and co-evolving players in the game of Backgammon by
Pollack and Blair (1998). Lehre and Lin (2024c) showed that (1,\)-CoEA can find the
approximation of the optimum of the DIAGONAL game in polynomial runtime with high
probability (see Chapter 5). Moreover, another variant of DIAGONAL called the bigger-
number game was considered in (Zhang and Sandholm, 2024) to show the inefficiency of
the Double Oracle Algorithm in zero-sum games. However, we hypothesise that games with

binary payoffs are challenging because the analytic tool developed in Chapter 2 cannot be
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used directly in our scenario. Thus, we adapt the level-based theorem for coevolution to
study this problem (see Theorem 6.3.1).

Our Contributions: This chapter tackles open challenges in zero-sum games with sparse
binary payoff signals, presenting the first rigorous runtime analysis of CoEAs with pairwise
dominance on DIAGONAL game. Specifically, we demonstrate that single-pair CoEAs, such
as Random Local Search with Pairwise Dominance (RLS-PD) and (1+1)-CoEA, cannot
find the optimum of DIAGONAL in polynomial runtime with high probability. Additionally,
we show that a population-based CoEA (PDCoEA) can find the optimum in polynomial
runtime under large population sizes and low constant mutation rates. Our experimental
results further illustrate the practical implications of our theoretical bounds and examine
the error threshold for mutation rates in PDCoEA. These findings highlight the promis-
ing potential of coevolution for binary maximin problems and reveal the importance of
low mutation rates and large population sizes in maintaining a “coevolutionary arms race”,
where, in coevolution, when one population changes, the others co-adapt, and repeating
this feedback loop yields individuals that perform increasingly better by an external metric

(i.e., payoff) as mentioned in Section 2.7.2.

The chapter is organised as follows: Section 6.1 introduces the necessary background for
coevolution and adversarial optimisation and the contribution of this chapter. Section 6.2
introduces the necessary preliminaries and formal definitions. Section 6.3 introduces a re-
fined level-based theorem based on the previous level-based theorems for coevolution (Lehre,
2022) and (Fajardo and Lehre, 2024). Section 6.4 demonstrates that single-pair CoEAs,
including RLS-PD and (1-+1)-CoEA, cannot efficiently solve the DIAGONAL function. Sec-
tion 6.5 presents a population-based coevolutionary algorithm, PDCoEA, that efficiently
solves the same function, highlighting the necessity of a population and a low mutation
rate. Section 6.6 provides experimental results to support our theoretical findings. Finally,

Section 6.7 concludes the chapter with a discussion of implications and future directions.
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6.2 Preliminaries

!

In this chapter, "with high probability" is abbreviated to "w.h.p." We say an event FE,
with problem size n € N occurs w.h.p. if Pr(F,) > 1 — d/n° for some ¢ € N and constant
d > 0. o(1) of any function f(n) where n € N means that lim,_,, f(n) = 0. z € poly(n)
denotes that there exist constants c, d such that z < cn?. NE denotes a Nash Equilibrium.
We also denote X; := |x4]y € [n] U {0} for z; € {0,1}" and Y; := ||y € [n] U {0} for
y: € {0,1}" for any n € N. We consider the filtration (F;);>o including the o-algebra of

(X07)/0)7 ey (Xta}/t)

6.2.1 Binary Zero-Sum Games

Given a two-player game with strategy spaces X and ), the payoff functions g;, g2 : X XY —
R are defined for player 1 and player 2, respectively. The game is zero-sum if player 1’s gain
is exactly equal to player 2’s loss (and vice versa), meaning ¢;(x,y) + go(z,y) = 0 for all
reXandy e Y. If g1(z,y),g(x,y) € {—1,1} for all z,y € X, the game is called binary.
Given a binary function g : X x Y — {—1,1}, we refer to the game with payoff functions
g1(z,y) = g(x,y) and go(z,y) = —g(x,y) as the binary zero-sum game defined by g. Many
classical games where the outcomes are win/lose, such as Nim, Backgammon, Chess, or Go
(without draw), can be represented by a binary function g by setting g(z,y) = 1 if and
only if player 1 wins and g(z,y) = —1 otherwise.

Sparsity: This chapter adopts the notion of sparsity from (Auger et al., 2015), i.e., they
assume that the two vectors of the NE x* and y* have support of moderate size k in mixed
strategies, i.e. k£ << 2" where each player has 2" pure strategies. Note that this is a
different notion from games with a sparse payoff matrix. In this chapter, we consider the
sparsity in the sense that the support of mixed strategies (non-zero probability terms) is

far fewer than the size of pure strategies each player can take.
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DIAGONAL Games: To model the binary maximin optimisation problem originating
from Hillis’s seminal work on co-evolving sorting networks and test cases (Hillis, 1990),
Lehre and Lin (2024c) introduced a class of payoff functions with & x ) as the input
and {—1,1} as the output, namely DIAGONAL. Here, X = {0,1}" represents the set of
genotypes corresponding to designs for sorting networks, while ) = {0,1}" denotes the
set of genotypes for test cases. g(x,y) = 1 if and only if design = passes test case y. The

optimisation problem is to find (z*,y*) € X x ) such that
for all (z,y) € X x Y, g(z,y") < g(a",y") < g(z",y).

Sparse binary games like DIAGONAL and its variant have been studied in the litera-
ture (Auger et al., 2015; Benford and Lehre, 2024b; Lehre and Lin, 2024c; Zhang and
Sandholm, 2024).

Definition 6.2.1 (Lehre and Lin, 2024c). Given n € N, X = Y = {0,1}", the payoff

function DIAGONAL : X x Y — {—1,1} is

1 yh <|zh
DIAGONAL(z,y) :=

—1 otherwise.

For notational brevity, we will denote the function DIAGONAL by ¢ in this chapter. A
payoff of 1 indicates that design x passes the test cases y; otherwise, the payoff is —1. In
the DIAGONAL game, y* = 1™ is the hardest test case, which only the solution z* = 1" can
pass (i.e., g(z*,y*) = 1). Thus, (z*,y*) is the unique maximin optimum, where neither the
design nor the test case deviates without affecting their payoff g(x,y). This aligns with the
NE in zero-sum games. This chapter investigates whether CoEAs can efficiently find the

NE of DIAGONAL.

To distinguish DIAGONAL from the commonly used ONEMAX benchmark in the theory
of evolutionary computation (Doerr and Neumann, 2019), we highlight key differences.

Unlike ONEMAX, DIAGONAL is more challenging. ONEMAX uses a linear fitness function
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(payoff independent of the opponent), while DIAGONAL is a game where the payoff depends
on the opponent. DIAGONAL provides only 1 bit of information per evaluation, compared
to log(n) bits in ONEMAX. Additionally, ONEMAX has an ascending fitness landscape,
making it easy for algorithms like (1+1)-EA or RLS to follow, whereas the binary payoff

landscape in DIAGONAL is flat, rendering single-pair CoEAs inefficient.

6.2.2 Coevolutionary Algorithms and Characteristic Lemma of Dom-

inance Relation

A broad class of coevolutionary processes, defined by Algorithm 5 update two populations
P, (). At each iteration, a new pair of solutions is sampled from P, via the interaction
of two populations. Such an interaction includes variation, evaluation, selection, etc. The
population is then updated with this new pair of solutions, and the process continues until
the termination criteria are met. For single-pair CoEAs, we denote the current pair in
generation ¢ by (x,v;). These stochastic processes track the dynamics of coevolutionary
algorithms, and we will analyse their first hitting time on the target set. Next, we introduce

the concept of pairwise dominance, which is key to characterising the operator D of CoEAs.

Lehre (2022) demonstrated that a population-based CoEA called Pairwise Dominance
CoEA (PDCoEA) can solve some instances of BILINEAR (a bi-linear payoff function with
real-valued rather than binary payoffs) in polynomial runtime with high probability. Fa-
jardo et al. (2023) shows random local search with pairwise dominance (RLS-PD) solves
some instances of BILINEAR in expected polynomial runtime (as summarised by the Table
in the Appendix). Therefore, we aim to explore whether such a pairwise dominance method
can also work for our binary maximin optimisation problem. Here, we provide a definition

of the pairwise dominance relation (c.f. Definition 6.2.2).

Definition 6.2.2 (Pairwise Dominance (Lehre, 2022)). Given a function g : X x Y — R
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and two pairs (x1,11), (T2, y2) € X XY, (21,y1) dominates (x2,yo) with respect to g, denoted

(z1,91) =g (x2,92), if and only if g(x1,y2) > g(x1,11) > g(x2,91).

In order to understand how the search point will move under the pairwise dominance
relation, we characterise the relationship among search points in DIAGONAL games.
Definition 6.2.3. Given a pair of search points (x,y) € X X Y, we say (x,y) lies above

the diagonal if |z|; < |y|1 and (z,y) lies below the diagonal if |x|y > |y|1.

Next, we derive sufficient and necessary conditions for the dominance relation of DIAG-

ONAL games. We defer all the proofs to the appendix.

Lemma 6.2.1. Given a DIAGONAL game denoted by g, (x,y) >4 (u,v) if and only if
(x,y), (u,v) satisfy one of the following:

(1) |lzli <oli, |zl <yl and [uly <|y|;

(2) |xfr = [o|, 2y <yl and |uly <y|;

(3) |zl > |vli, [zl > [yl and |uly < |y|;

(4) |zly = o]y, |zl = Jyly and |uly > |yl

6.3 A Refined Level-Based Theorem

To analyse the runtime of population-based evolutionary algorithms, we define runtime.

Definition 6.3.1. For any instance A of Algorithm 5 and S C X x Y, define Tas :=

Fajardo et al. (2023) and Lehre (2022) have analysed CoEAs on BILINEAR, as mentioned
in the introduction, DIAGONAL and other binary maximin problems exhibit a more chal-

lenging and sparse payoff landscape, causing the original methods to be inapplicable. The
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original coevolutionary level-based theorem does not make any assumption about the ini-
tialisation of the populations. Here, we will require a variant of the theorem where the
populations are assumed to be initialised at a given level. The proof is almost identical. A

similar modification can be found in (Fajardo and Lehre, 2024).

Theorem 6.3.1. Given subsets A; C X,B; C Y for j € [m] where Ay = X and By =),
define T := min{t\ | (P, x Q;) N (A,, x By,) # 0}, where for allt € N, P, € X* and
Q. € Y are the populations of Algorithm 5 in generation t. Denote the current level of the

population by j :=max{ i € [m — 1] | |[(P x Q) N (A; x By)| > vA\*} where v € (0,1).

Given my € N where mo < m, suppose Pyx Qq is initialised with the current level 7 > my.
If there exist Zpy, ..., 2m-1,0 € (0,1) such that for any populations P € X* and Q € Y

with the current level j > mo,

(G1) for (x,y) ~ D(P,Q), Pr(z € Aj1) Pr(y € Bj1) > 25

(G,Q(l) fOT' all v € (0770)7 Zf |(P X Q) N (Aj+1 X Bj+1)| > 7/\27 then fOT (Ihy) ~ D(P7 Q);
PI‘(I c Aj+1) PI'(y c Bj+1) Z (1 + (5)’}/,

(G2b) for (z,y) ~ D(P,Q), Pr(x € A;)Pr(y € B;) > (1 + 6)o0;

(G3) and the population size X € N satisfies A > ' log(m/z,) for a sufficiently large constant

d, where z. = min,<i<m-1 2i;

then there exists a constant ¢’ > 0 such that any r > 0,

N 1 1+ o(1)
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6.4 Exponential Lower Bounds for RLS-PD and (1+1)-

CoEA on Diagonal Game

In this section, we focus on the single-pair CoEA with pairwise dominance.

Algorithm 14 Single-Pair CoEA with Pairwise Dominance
Require: Payoff function, g : {0,1}" x {0,1}" — R.

Require: Mutation operator, mutate : {0,1}" x {0,1}" — {0,1}" x {0,1}".

1: Sample z,y uniformly at random from {0, 1}";

[\V]

: fort € {1,2,...} do
3: (2',y") = mutate(z,y);

4 if (2',y') =4 (z,y) then (z,y) = (2, y);

In RLS-PD, the local mutation operator mutate creates z’,%3’ by copying = and y, and
flipping exactly one bit chosen uniformly at random from either z or y. In (1+1)-CoEA,
the bit-wise mutation operator mutate creates =’ and gy’ by copying x,y and flipping each

bit independently with probability x/n, where y € (0,n).

6.4.1 RLS-PD on DIAGONAL

The first competitive CoEA we consider is RLS-PD. We show that it fails to find the
maximin optimum of DIAGONAL games in polynomial runtime with overwhelming high

probability.

RLS-PD samples both the design x and the test case y uniformly at random. Then, until
the termination condition is met, either x or y is mutated by the local mutation operator.
After that, RLS-PD selects the pair of designs and test cases based on pairwise dominance

as defined in Definition 6.2.2. Unlike the success of RLS-PD on BILINEAR (Fajardo et al.,
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2023), it fails to find the maximin optimum of DIAGONAL in polynomial runtime.

Theorem 6.4.1. Consider RLS-PD on DIAGONAL and problem size n € N. The runtime

of RLS-PD for finding the maximin optimum of DIAGONAL is e®™ with probability 1 —

—Q(n) ]

Theorem 6.4.1 shows that the algorithm performs a random walk before reaching the
optimum. In this case, the selection mechanism fails to distinguish which individual is
fitter if search points share the same payoff. Theorem 6.4.1 also suggests that DIAGONAL

is a challenging and non-trivial maximin problem.

There are various simple and effective mutation operators used in evolutionary algo-
rithms (Doerr and Neumann, 2019). RLS-PD employs the local mutation operator, which
is a commonly used mutation operator in evolutionary algorithms. This operator picks any
bit position uniformly at random and flips the selected bit. Another well-known mutation
operator is the bit-wise mutation operator, which flips each bit in the bit-string with prob-
ability x/n where the mutation rate x € (0,n) is some constant. The bit-wise mutation
performs a more diverse search in the Hamming neighbourhood of the given search point.
What if we modify the mutation operator from local mutation to bit-wise mutation? The
bit-wise mutation operator potentially allows the search point to make more significant
jumps in the search space at one iteration. Can the algorithm then find the optimum
more efficiently? To answer these questions, we analyse the runtime of (141)-CoEA on

DIAGONAL.

6.4.2 (1+1)-CoEA and DIAGONAL Game

We consider (1+1)-CoEA with the pairwise dominance relation. We want to explore the
impact of changing the mutation operator compared to RLS-PD and whether this new

variant can find the optimum more efficiently.
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(14+1)-CoEA samples both the design x and the test case y uniformly at random. Then,
until the termination criteria are met, unlike RLS-PD, both z and y are mutated by a
bit-wise mutation operator. After that, (14+1)-CoEA selects the pair of designs and test
cases based on the pairwise dominance relation from Definition 6.2.2. We use Lemma 6.2.1
to show condition (2) in Negative Drift Theorem (Doerr and Neumann, 2019; Oliveto and

Witt, 2012; Rowe and Sudholt, 2012).
Recall that X3, Y; denote the number of 1-bits in both predator and prey bitstrings.

Lemma 6.4.1. Consider (1+1)-CoEA with pairwise dominance relation on DIAGONAL
and a constant mutation rate x = O(1). Suppose we have a search point (x4, y;) € X XY in
iteration t € N and define M, .= 2n— (X, +Y;). For anyt, ifen < M; < n/4 for some con-

stant € > 0, then there exist some r,n > 0 s.t. for any j >0, Pr(|M; — My1| > j | F) <

r/(1+n).

Lemma 6.4.1 shows that (1+1)-CoEA makes big jumps with exponential decay probabil-
ity, which satisfies the step size condition in the Negative Drift Theorem. To see how to
bound the negative drift from (1+1)-CoEA, we visualise Lemma 6.2.1. In Figure 6.1, the
coloured regions represent the potential areas where the search point may move in the next
iteration under the pairwise dominance relation. We consider the Manhattan distance be-
tween the current search point and the optimum, denoted as M; = 2n— (X, +Y;). Negative
drift occurs when the search point moves to the blue and red regions. Positive drift occurs

when the search point moves to the orange and green regions.

Lemma 6.4.2. With the same setting as Theorem 6.4.2 and sufficiently large n > 1, for
any t and M :=2n — X, =Yy, if en < My < 2en for any constant € € (0,1/20], then there

exists 0 > 0 such that E,(My — Myyq) < —9.

Once we show the existence of negative drift in Lemma 6.4.2, we can use the Negative

Drift Theorem with Lemma 6.4.1 to derive Theorem 6.4.2.
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(X,Y) - ‘%Xz,Yt)

(a) X =Y (b) X >Y: (C) Xy <Y

Figure 6.1: Visualisation of Lemma 6.2.1. The colour area represents the search point
(x,y) € X x Y st. (z,y) =4 (2, ) where Xy = |24]1,Y; = |ye|1. The blue region corre-
sponds to case (1), the orange region corresponds to case (2), the green region corresponds

to case (3) and the red region corresponds to case (4) in Lemma 6.2.1.

Theorem 6.4.2. Consider (1+1)-CoEA with pairwise dominance relation on DIAGONAL,
constant mutation parameter x € (0,1], and problem size n € N. The runtime of (1+1)-

CoEA for finding the mazimin optimum of DIAGONAL is ™ with probability 1 — e~

Theorem 6.4.2 shows that (1+1)-CoEA also fails to find the desired optimum for DI-
AGONAL in polynomial time. The proof for Theorem 6.4.2 is more complex than that of
Theorem 6.4.1 because the current search point of the (141)-CoEA can potentially make
a significant jump in the search space, while RLS-PD only makes a 1-bit-step local search

around the given search point.

From our analysis of RLS-PD and (1+1)-CoEA on DIAGONAL, Theorem 6.4.1 and The-
orem 6.4.2 both show that with overwhelmingly high probability (i.e., 1 — e~*™), single-
pair CoEAs with pairwise dominance cannot find the maximin optimum of DIAGONAL
efficiently, regardless of which mutation operators the algorithms use. DIAGONAL consists

only of binary values, resulting in a very flat payoff landscape in the search space, unlike
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problems with real-valued payoff functions, such as BILINEAR (Fajardo et al., 2023; Hevia

Fajardo and Lehre, 2023). Such a payoff landscape is challenging for CoEAs.

6.5 PDCoEA Finds the NE of Diagonal Efficiently

6.5.1 Pairwise Dominance CoEA

From our previous analysis, we know that (1+1)-type CoEAs with pairwise dominance
cannot solve DIAGONAL efficiently. We now ask whether a competitive CoEA can solve
this problem by changing its selection mechanism or increasing its population size. To
address this question, we analyse the runtime of PDCoEA on DIAGONAL in the following

section.

Algorithm 15 samples both the designs Py and the test cases )y uniformly at random.
Before mutation, Algorithm 15 uses 2-tournament selection to compare the pairs of designs
and test cases. First, two pairs are sampled uniformly at random (lines 6-7), and then they
are compared based on the pairwise dominance relation from Definition 6.2.2 (lines 8-9).

Finally, both x € P, and y € (); are mutated by a bit-wise mutation operator.

In this section, we use Theorem 6.3.1 to prove that PDCoEA can efficiently find the opti-
mum of the DIAGONAL games. In general, level-based analysis partitions the whole search
space into several levels and analyses the upgrade among different levels. Theorem 6.3.1
enables us to track the state of the algorithm and provides the tail bound on the number
of function evaluations until the current population contains an individual hitting a target
set (set to be our final level), given that conditions (G1)-(G3) hold. We defer the proofs of

(G1)-(G3) conditions to the appendix.

Before showing our main result (Theorem 6.5.1), we define the following pixels and par-
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Algorithm 15 Pairwise Dominance CoEA (Lehre, 2022)
Require: Payoff function g : {0,1}" x {0,1}" — R.

Require: Population size A and mutation rate y € (0,n].

1: for i € [)\]

N

Sample Py(i) uniformly at random from {0, 1}";

@

Sample Qo(7) uniformly at random from {0, 1}"™;

('

: for t € {0,1,2,...} until termination criterion met do

5: for i € [A] do

6: Sample (x1,y;) ~ Unif(P; x Q4);

7 Sample (zq,y2) ~ Unif(P, X Q);

8: if (v1,91) =g (72,92) then(z,y) = (z1,11)

9: else(z,y) := (w2, y2)

10: Obtain 2’ by flipping each bit in = with prob. X;
11: Obtain ' by flipping each bit in y with prob. %;
12: Set Ppyi(i) :== 2" and Qu1(7) := 9.

titions that we will use in Theorem 6.3.1. We define the pixels: j € {1,...,n},
A;:={x€{0,1}" | |z] = s} and
Bj:={ye{0,1}" | [yh =} (6.1)
Next, we define the following partitions that we will use in Theorem 6.3.1. Given (Uy x
Vo)s- -y (Uy X Vy,), we define Uy = X and Vy = ) and for j € {1,...,n}, where we suppose

n = 4k (and thus n/2 = 2k to simplify the notation during our calculation. One can use a

different alternating partition for odd n)

UQj .= Agj and U2j+1 = A2j+1 U A2j+2;

‘/2]' L= BQJ' U sz+1 and ‘/2j+1 = B2j+1. (62)

Given two populations of solutions P, € X* @, € V*, we define the current level by

j:=max{i € [n]U{0} | |(P x Q) N (U; x V;)| > vA?} where 7y € (0,1) is constant and
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A € N is the population size. To estimate the runtime of a population-based evolutionary
algorithm, we consider the number of function evaluations until the population contains at
least one individual arriving at the final level (i.e. the first hitting time of the population

of solution hitting the final level multiplied by the population size A): T := inf{\t > 0 |
(P x Q) N (U, x Vi) # 0}

6.5.2 Technical Lemmas for Level-Based Analysis

In order to use Theorem 6.3.1, we need to satisfy (G1), (G2a), (G2b) and (G3). (G3) is
easily satisfied by setting A = Q(logn). So the rest of this section is to show conditions
(G1), (G2a) and (G2b)’.

6.5.3 Ensuring Condition (G1)

In this section, we compute the upgrade probability in condition (G1). It would be hard for
the algorithm to upgrade from A x B to A; x B; when the population falls off the diagonal
(i.e., None of individual in the population has X; = Y;). To resolve this, we assume the
algorithm initialises the population at level n/2 and the population will keep hill-climbing
along the diagonal from level n/2 to level n. It is also worth noting that the original tool
(Level-Based Theorem Lehre, 2022) does not consider the population’s initialisation and

thus cannot be directly applied to our problem.

Lemma 6.5.1. Given two populations P and @) in PDCoFEA with population size X €
poly(n) and constant mutation rate x € (0,In2/2) on DIAGONAL with problem size n € N,

assume PDCoEA initialises Py, Qo at |Py(i)|1 = |Qo(i)]1 = n/2 for all i € [A]. For the

"'We provide a visualisation of level partitions for PDCoEA on DIAGONAL in the appendix.
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current level j > n/2, there exists zy)a, ..., 2n—1 € (0,1) such that for (x,y) ~ D(P,Q),

Pr(z € Ujs1) - Pr(y € Vji1) > 2.

Lemma 6.5.1 shows that if the populations in PDCoEA are initialised at level j = n/2

and the current level is above n/2, then we can obtain a positive upgrade probability.

6.5.4 Ensuring Condition (G2a)

For PDCoEA, recall that D(P, Q) in Algorithm 5 is D = MUTATE0SELECT, where SELECT
corresponds to lines 6-9, and MUTATE corresponds to lines 10-12 in Algorithm 15. We
denote the SELECT probability by Prgiet and the MUTATE probability by Pryuate. Note
that (G2a) in Theorem 6.3.1 keeps track of the multiplicative growth on the next current
level. In the following analysis, without loss of generality, we assume the current level j is
even to simplify the calculation. Before showing the next lemma, we need to make some
assumptions: before reaching the NE in each iteration ¢, for the current level j, there exists

a constant (with respect to x) a € (0,1) such that

A | G2a): Pr € B.) > a.
(|G Pr (yeBy)>

This means that in each iteration, when the population is at the current level, there exists a

constant fraction of the population in A; x B;. Our current analysis works when assuming

(A | G2a) holds. The other case where (A | G2a) does not hold is left as an open problem.

Lemma 6.5.2. Given two populations P and Q) in PDCoFEA with population size A\ €
poly(n) and a sufficiently small constant mutation rate x € (0,1) on DIAGONAL with
problem size n, assume (A | G2a) holds for a constant o > (—1 + \/W) /2
where 6 € (0,a). For all v € (0,7), if [(P x Q)N (Ujs1 X Vjy1)| > vA?, then for a sample
(x,y) ~ D(P,Q), there exists a constant &y > 0 such that for all current levels j € [n/2,n],
Pr(z € Ujt1) Pr(y € Vi) > (14 09)7.
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Lemma 6.5.2 shows that we obtain multiplicative growth on the next level if the mutation

rate is relatively low.

6.5.5 Ensuring Condition (G2b)

(G2b) in Theorem 6.3.1 keeps track of the multiplicative growth on the current level.
Before showing (G2b) condition, we need to show that if the population starts at level
n/2 (as stated in Theorem 6.5.1, with the assumption (A | G2b) holds, we can have the
multiplicative growth in the current level. (A | G2b) means that there exists a certain
fraction of the population in previous pixels for z € A.; and y € B.; U B;. To proceed

with this, we show Lemma 6.5.3.

Lemma 6.5.3. Let D be the operator associated to Algorithms 15 (PDCoEA) on DIAGO-

NAL. Let P and Q be populations of PDCoEA at current level j € [n/2,n] of DIAGONAL

with respect to the partitions U,V and vy € (0,1). There exists a constant 69 > 0 and

sufficiently small mutation rate x, such that if for some constant § >0, (A | G2b):

1—92+4§
Yo

Pr (zeA,) ( Pr (y€ B.;UB;)’ + 1) > holds,

z~Unif (P) y~Unif(Q)

then for (xz,y) ~ D(P,Q), Pr(x € U;) Pr(y € V;) > (1 4 do)0-

Next, we show that the condition (A | G2b) holds with high probability.

Lemma 6.5.4. Suppose PDCoEA initialises Py, Qo at |Py(i)|1 = [Qo(i)|1 = n/2 for all
i € [A] with the runtime of Algorithm 15 finding the optimum T € N and (x4, y;) ~ D(P;, Q¢)

at iteration t < T. With the same setting of Lemma 6.5.3, there exists 1 > ~g >

V(L +0)/ (xe /T +1) such that (A | G2b) holds for some constant § € (0, xe™X/7) with

probability 1 — e~

Lemma 6.5.4 shows that the condition (A | G2b) holds with overwhelming high proba-

bility. Then, we can now divide the computation of G2b into two cases: either (A | G2b)
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holds or not. If it holds, then G2b is easy. If not, then we can use Lemma 6.5.4 to show

that this happens with extremely small probability.

Lemma 6.5.5. Given two populations from PDCoEA, P and @ with population size

clogn < X € poly(n) where ¢ > 0 is some constant and a constant mutation rate x

on DIAGONAL with problem size n, assume constant vy > /(1 +6)/ (xe x/7+ 1) with
constant 0 € (0, xe™X/7) and sufficiently large n. Suppose PDCoEA initialises Py, Qg at
|Po(i)|1 = |Qo(3)]1 = n/2 for all i € [\ with the runtime of Algorithm 15 finding the opti-
mum T € N and (x4, y;) ~ D(P,, Qy) at iteration t < T. There exists a constant § > 0 such

that for all current levels j € [n/2,n], Pr(x, € U;) Pr(y, € V;) > (1 + ).

Finally, Lemma 6.5.5 states that if the mutation rate is set low, 7y large enough and
furthermore the population is initialised at level A,/ X B, /5, then we can obtain the
multiplicative growth in our current level. Next, we conclude everything in the level-based

argument using Theorem 6.3.1 with Lemma 6.5.1, 6.5.2 and 6.5.5.

Theorem 6.5.1. Assume the condition (A | G2a) holds with vy > ( da(l1+96)+1— 1) /2
where 6 € (0,«) and o > 0 is some constant with respect to x. Assume that for a suffi-
ciently large constant c, it holds clogn < X\ € poly(n) and Algorithm 15 initialises Py, Qo
at |Po(i)]y = |Qo(2)]1 = n/2 for alli € [N]. If x is a sufficiently low constant, then there
exists a constant (w.r.t n and A\) d > 0 such that the runtime of Algorithm 15 is at most

rdAn (A\? + n?) with probability at least 1 —1/r.

Proof. To employ Theorem 6.3.1, we choose the partition such that
A() X BO =X X y
Moreover, for j € {n/2,... ,n}, recall that

Aj x B :={x € {0,1}" [ |zl = j} x{y € {0, 1}" [ [yl = j}-
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Given Lemma 6.5.2 and Lemma 6.5.5, we only need to show (G1) and (G3) now to apply
Theorem 6.3.1. For (G1), by using Lemma 6.5.1, notice that we choose constant v, >

(€*x/2)3, for j > 1,

X X n—1 2
Pr r €A Pr € B. Z( 201 =2 )
(.9)~D(P,Q) ( 1) (.9)~D(P,Q) (v € Bjs) %n( n)

e (1= o(1))
> e 7L

= Zj

For (G3), since we choose A € poly(n) and A = Q (log(n/ minef,{z})), we can automati-

cally satisfy (G3). Thus, the runtime is bounded by

n/2
1
Pr| T <dr)| )\ 2 1/z < (1 1)).
r <'r n+e —1—2 /z _7“( +0(1))

J=1

By substituting the values gives

3 1
Pr(T <" 2 4 2X i Z(1 4 o(1)).
r( <dr\ ()\ n+e +2’Y§X2€2X(1—0(1)))) r( +0(1))

This is equivalent to the following:

VAN

Pr (T <r-O(An(X\ +n?%) < %(1 +0(1)).

Theorem 6.5.1 shows that if we set a low constant mutation rate and large population
size, then PDCoEA can find the optimum of DIAGONAL in polynomial runtime with high
probability. To the best of our knowledge, although various empirical studies demonstrate
the existence of a “coevolutionary arms race" (Ficici and Pollack, 1998b; Gomes et al.,
2014a; Hillis, 1990; Popovici et al., 2012), including recent applications of coevolutionary
algorithms (Hemberg et al., 2021; Xue et al., 2023), this is the first provable coevolution-
ary “arms race” for solving binary maximin optimisation problems. This result not only
demonstrates the promising potential of coevolution with pairwise dominance but also rig-
orously proves the necessity of large population sizes and low mutation rates to maintain

a “coevolutionary arms race" on binary maximin optimisation problems.
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6.6. Ezxperiments

In addressing the technical constraints of Theorem 6.5.1, it is important to note that
generalising the result without the initialisation constraint is challenging. Proving The-
orem 6.5.1 with random initialisation introduces a random walk phase, and it remains
unclear whether existing tools can effectively address genetic drift toward the diagonal.
The primary objective of this analysis is to rigorously demonstrate the “coevolutionary
arms race,” and for this purpose, the current Theorem 6.5.1 sufficiently illustrates this

point. We consider Theorem 6.5.1 as a foundational step for future advancements.

6.6 Experiments

To complement our asymptotic results with data for concrete problem sizes, we conduct
the following experiments.

Settings: We conduct experiments with all CoEAs on the DIAGONAL problem with three
different problem sizes: n = 100, 500, and 1000. Firstly, we conduct experiments of all Co-
EAs on DIAGONAL with n = 100, generating heatmaps for the empirical mean of runtimes
under different configurations. Secondly, we explore the best possible configurations of x
and A for PDCoEA with problem sizes n = 100, 500, and 1000, providing detailed statis-
tics, including tables for the empirical mean of runtimes, p-values from Wilcoxon rank-sum
tests for runtimes, and boxplots for runtime distribution with respect to low mutation rates
X € [0.1,0.4]. Finally, we pick x = 0.3 (The following experiments, i.e., grid search for mu-
tation rates from 0.1 to 0.7 and population size from 0.2n to n, in Figure 6.2 show that
x = 0.3 seems a reasonable mutation rate to start with. For example, y = 0.5 and y = 0.7
are too high; x = 0.1 is too low.) and A = clogn where ¢ = 10, 20, 30, 40, 50, and 60 and
conduct the experiments under problem sizes n = 100-1000. The budget for each run is set
to 10® function evaluations for n = 100 and 10° function evaluations for n = 500 and 1000.
For each configuration, we conduct 100 independent runs.

Results: We defer other empirical results to the appendix and present part of our findings
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here. As shown in Figure 6.2, with respect to different problem sizes, once the population
size reaches certain thresholds (i.e., A > 0.4n for n = 100 and A > 0.2n for n = 500, 1000)
under a low mutation rate x € [0.1,0.4]. Although PDCoEA can solve DIAGONAL under
certain configurations, a high mutation rate above x = 0.5 results in the inefficiency of
PDCoEA. The data (in the appendix) shows that the best empirical mean of runtime, for
n = 100, 500, 1000, is approximately 0.12 x 10, 1.05 x 10% and 2.71 x 10, respectively, un-
der a certain low mutation rate x = 0.3. Figure 6.3 suggests that although our theoretical
bound is correct, it might not be tight enough in terms of asymptotic order. While our
bounds are sufficient to show a distinct separation between CoEAs with a large population

and those with a small population, our theoretical bounds can be improved.

Figure 6.2: Heatmaps for the mean runtime of PDCoEA on DIAGONAL against different
mutation rates and each pixel in the plot represented the empirical mean of runtime among
100 independent runs with respect to different mutation rates and population sizes. The
mutation rate y in the vertical axis ranges from 0.1 to 0.7, and the population size X in the

horizontal axis ranges from 0.1n to n.

6.7 Conclusion

Discrete maximin optimisation is challenging. This chapter presents the first runtime anal-
ysis of CoEAs with pairwise dominance on non-trivial binary two-player zero-sum games.

We show that for the DIAGONAL game, with overwhelmingly high probability, RLS-PD
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Figure 6.3: Boxplots for runtime of PDCoEA (y = 0.3) on DIAGONAL with respect to

different ¢ and problem size n.

and (1+1)-CoEA require exponential time to find the optimum due to negative drift, high-
lighting the inefficiency of CoEAs without sufficiently large population sizes in flat payoff
landscapes. Note also that the low success probability implies that even strategies for
restarting the algorithm will be unsuccessful (Case and Lehre, 2020c; Friedrich et al.,
2018). However, PDCoEA with a low mutation rate and large population size A = Q(logn)

can efficiently find the optimum with high probability.

This chapter presents a clear separation among various CoEAs on binary two-player zero-
sum games, emphasising the need for large populations, as opposed to previous studies on
BILINEAR (Fajardo et al., 2023) (while, Fajardo et al. (2023) only considered a simple
special case when the optimum at n/2). It demonstrates the feasibility of runtime analysis
for population-based competitive CoEAs, suggesting that these tools can broaden the scope
of future analyses. Practically, it shows that single-pair CoEAs like RLS-PD and (1+1)-
CoEA may be unsuitable for such problems, recommending instead CoEAs with large

populations and low mutation rates for challenging, flat payoff landscapes.

This work marks a significant first step in the rigorous runtime analysis of population-
based CoEAs on DIAGONAL and introduces a variant of the level-based theorem for co-
evolution, which assumes specific initialisation of the population. While our analysis is

focused on a specific class of sparse binary games, we believe the level-based theorem has
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broader applicability to general coevolutionary processes. Extending this tool to more gen-
eral partitions beyond the Cartesian product of search spaces X and ) would be valuable.
Although our empirical results imply that the current bound may not be tight, we conjec-
ture that the runtime of PDCoEA could be O(Anlogn) under certain conditions. Future
research should explore a wider range of binary games, develop additional coevolutionary

algorithms, and refine the runtime bounds for PDCoEA on DIAGONAL.
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Chapter Seven

Conclusion

7.1 Summary

Learning in games presents a fundamental challenge in machine learning and artificial
intelligence, with numerous applications from board games to robust optimisation and ad-
versarial training. These scenarios often involve strategic interactions among agents, par-
ticularly in adversarial optimisation, where success depends on competing against adaptive
opponents. Coevolutionary algorithms provide a promising framework for addressing such
problems, particularly in black-box query oracle settings that lack gradient information.
Despite their practical success, theoretical analysis, of competitive CoEAs remain under-
explored. Previous work has focused primarily on cooperative settings, while competitive
dynamics have been less analysed rigorously from a runtime perspective. This thesis ad-
dresses this gap by investigating the runtime and regret properties of competitive CoEAs
on binary games, providing new theoretical tools and results that clarify when and why

these algorithms succeed in solving adversarial optimisation problems.

To address the first research question in Chapter 1, whether we can develop suitable
theoretical tools to analyse the runtime of competitive CoEAs, we introduced several novel

drift theorems. Standard drift analysis fails in competitive settings such as the bilinear
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problem, where the dynamics exhibit negative drift near the optimum. In Chapter 3, we
proposed the variance drift theorem with a tail bound version, which provides meaningful
runtime guarantees even when the expected progress is negative under certain conditions.
This new tool allows us to rigorously analyse the runtime behaviour of competitive CoEAs
in settings where traditional methods break down. Our results demonstrate that, despite
the adversarial nature of the problem and the challenges posed by cyclic behaviour, it is
still possible to establish polynomial runtime bounds under appropriate parameter settings
and interaction models. Moreover, these theorems can be generally applied to different
problems, including bandit learning, 2-SAT and graph colouring problems. This contributes
a foundational step toward a general theory of runtime analysis for competitive coevolution

and regret analysis of bandit learning algorithms.

To answer the second research question in Chapter 1, we examined whether any algorithm
can consistently outperform others in adversarial optimisation by introducing a black-box
model for adversarial optimisation, particularly when the solution concept is the Nash Equi-
librium (NE). Our investigation builds upon the No Free Lunch (NFL) Theorems, which
state that all black-box algorithms on single-objective optimisation perform equally when
the performance is averaged over all problems. However, adversarial optimisation intro-
duces a more complicated structure through solution concepts like NE. In Chapter 4, we
formalised and proved an Adversarial No Free Lunch Theorem, demonstrating that even
when restricting attention to the NE as the desired solution concept, no general algorithm
can outperform others across all adversarial problem instances. This result extends the
classical NFL perspective to adversarial domains, revealing intrinsic computational hard-
ness when using problem-independent, possibly randomised, search heuristics. Our findings
clarify that while specific algorithms may excel on particular problems, there exists no uni-
versally superior method in the black-box setting for finding Nash Equilibria, underlining
the importance of tailoring algorithms to specific problem structure in adversarial optimi-

sation.
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To address the third research question in Chapter 1, we investigated whether competitive
coevolutionary algorithms (CoEAs) can be provably more efficient in finding the Nash Equi-
librium than traditional evolutionary algorithms (EAs) using the fixed-pairing approach in
certain classes of adversarial optimisation problems (i.e., DIAGONAL and BILINEAR). While
empirical evidence has long suggested the potential of CoEAs in domains like sorting net-
works and spatial games, rigorous runtime analysis has been lacking. In Chapter 5, we
provided a rigorous comparison between a standard EA and its coevolutionary variant on
an adversarial benchmark, namely DIAGONAL. Our analysis demonstrated that a tradi-
tional EA using fixed pairings to evaluate individuals requires at least exponential time
! to find the Nash Equilibrium with overwhelmingly high probability. In contrast, the
(1, X)-CoEA, by continuously co-adapting both populations, was shown to reach the equi-
librium in expected polynomial time 24(2 — 6)An. This separation result provides the first
theoretical evidence that competitive coevolution can yield a significant computational ad-
vantage in certain adversarial settings, thereby establishing the necessity of CoEAs in such

cases.

Following the result of Research Question 3, which establishes the necessity of competitive
coevolution, Research Question 4 turns to examine the performance of specific CoEAs, in-
cluding (1, A\)-CoEA and PDCoEA. Specifically, we analysed how key design choices, such as
population size and mutation rate, affect the runtime of CoEAs in adversarial optimisation.
In Chapter 6, our analysis showed that not all CoEAs are equally effective: small popula-
tions or improperly tuned mutation rates can lead to exponential runtime, while sufficiently
large populations and appropriately scaled mutation rates can ensure polynomial-runtime
performance O(An (A\* + n?)). These findings highlight that the runtime of coevolutionary
algorithms depends strongly on the selection of parameters, providing practical guidelines

and theoretical understanding for designing effective CoEAs in adversarial environments.
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7.2 Future Work

This thesis opens several promising avenues for future research. On the theoretical side,
tighter runtime and tail-bound estimates are needed, particularly for CoEAs like (1, A)-
CoEA and PDCoEA on benchmarks such as Diagonal. The development of stronger drift
theorems and extensions of level-based analysis to more general coevolutionary dynamics
and partition structures would enhance our analytical toolkit. It is also important to explore
black-box complexity in more general settings, such as non-zero-sum games, multiple Nash
equilibria, and alternative solution concepts beyond NE. On the practical side, future work
should focus on designing more stable and efficient CoEAs through principled choices of
population size and mutation rates, potentially incorporating techniques like self-adaptation
or multi-objective optimisation. Extending runtime and regret analysis to broader classes of
coevolutionary and learning algorithms remains a largely unexplored but critical direction.
There is also significant potential to apply concentration bounds from drift analysis to
reinforcement learning and bandit problems, particularly for non-stationary or stochastic

settings.
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Appendix One

A.1 Basic Probability Theory

A.1.1 Sigma-algebra and Measure

Definition A.1.1 (Algebra and o-algebras (Adams, 2021)). Let  be a set and A C P(Q2)

be a collection of subsets of ).

(1) Ais an algebra if Qe A; Ac A= A€ A; and A, Be A= AUB € A.
(2) Ais an o-algebra if A is an algebra and U2, A, € A for all (Ap)n>1 € A.

Definition A.1.2. (Measure space (Cohn, 2013)) A measure space is a triple (Q, F, u)
where Q is a set, F is a o-algebra on Q, p: F — [0,400] is a measure. We define p is a

measure if | is a pre-measure on o-algebra F.

Definition A.1.3 (Type of measure space (Chleboun, 2021))). Let (2, F, 1) be a measure

space,

(1) p is called finite if pu(S2) < oo;

(2) p is called o-finite if there exists a sequence of sets (Ey,)n>1 in F such that u(E,) < oo

for eachn € N and U2 E,, = Q.
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(3) w is called a probability measure if u(2) = 1 and (U, F, ) is called a probability space,

usually we use (Q, F,Pr) to denote it.

Definition A.1.4 (Distribution of Pr (Cohn, 2013)). Let Pr be a probability measure on
(R,B(R)). The distribution is F' : R — [0, +00], F(z) = Pr((—o0, x])).

A.1.2 Random variables and Filtration

Definition A.1.5 ((Cohn, 2013)). Suppose (2, F,Pr) is a probability space and (R, B(R))

s a measurable space. A function X : Q — R is a random variable if
VG €G:=BR)= X1G) e F.
In other words, the preimage of every G-measurable set is F-measurable.

Definition A.1.6 (c-algebra generated by random variables (r.v.s) (Chleboun, 2021)).
Suppose (0, F,Pr) is a probability space and X is a F-measurable r.v.. Then we define the

o-algebra generated by X to be

Q2
s
!
8
e
=
!

(X HA): AeBR)} =c({X <t:tcR}).
Moreover, if (X; :i € I) is a collection of r.v.s, then the o-algebra generated by (X; : i € I)
18

o(Xiti€l)=0(Uies0(X;)) =0({X; <t:iel,teR}).

Now we define an important concept which will play a role in some later proof.

Definition A.1.7 (Filtration (Cohn, 2013)). A filtration of o-algebra on a probability space
(Q, F,Pr) is an increasing sequence of o-algebra (F,)n>0 such that Fo C F; C ... C F, C

... F. In this case, (2, F, (Fn)n>0, Pr) is called a filtered space.

Definition A.1.8 (Adapted Stochastic Processes (Chleboun, 2021)).
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o A discrete-time stochastic process is a sequence (X, )n>o of r.v.s. on a probability

space (2, F, Pr).

e A stochastic process is integrable if for each n € Nxq, we have X,, € L(Q2, F,Pr) (i.e.
E[X,] < oo ).

o A stochastic process (X,)n>0 is adapted to the filtration (Fy,)n>o if for each n € N>,

the r.v. X,, is F,,-measurable.

Definition A.1.9 (Natural filtration (Cohn, 2013)). The natural filtration, (G,)n>0 asso-
ciated with the stochastic process (X, )n>0 on (2, F,Pr) is given by G, = o(Xo,...,X,) =

o(U,0(X;)) forn > 0.

Example A.1.1. For instance, if X1, Xo, ... is a random walk, then we might have F, =
o(Xo,...,X,). So we have F,, C F, for Ym < n. This equivalently means that at time n,

we ‘“‘know more” about what the random walk has done. Then we did at time m < n.

In this thesis, we mainly work on probability spaces (2, F,Pr), where F is a natural

filtration.

A.1.3 Martingales

We provide a formal definition of martingales, super-martingales and sub-martingales.

Definition A.1.10 (Martingales (Williams, 1991)). A sequence of random variables Xo, X1, . . .

s a martingale with respect to the filtration Fo, Fi, ... if for allt > 0, the following condi-

tions hold:

(1) (Xi)i>0 is adapted to (Fy)i>o0,

(2) E(|Xi]) < o0
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(3) E(Xt ‘ -thl) = thl fOTt > 1.
Moreover, a super-martingale with respect to (Fi)i>o s defined similarly, except that con-
dition (3) is replaced by fort > 1, E(X; | Fio1) < Xi-1.

A sub-martingale with respect to (Fi)i>o is defined with condition (3) replaced by fort > 1,
B(X, | Frt) > Xy,

Definition A.1.11 (Stopping time (Chleboun, 2021)). Let (2, F, F;, Pr) be a filtered space.

A map 7:Q — NoU{oo} is called a stopping time, with respect to (Fi)n>o0, if

{r<n}eF, foreacht>0.

A.2 Useful Inequalities and Lemmas

Theorem A.2.1 (Union Bound (Cohn, 2013)). Let (2, F,Pr) be a probability space,
Pr(Ux,A,) <> Pr(A,) forall A, € F.

Theorem A.2.2 (Markov’s Inequality (Cohn, 2013; Krejca, 2019)). Let (2, F,Pr) be a

probability space, for all a >0, Pr(X > a) < E(X)/a.

Theorem A.2.3 (Chernoff’s Bound - Two-Sided). Given X := > | X; where X; ~
Ber(p;) where Ber(p;) is a Bernoulli random variable with probability p; and all X; are
independent. Let p:=E(X) =" p;. Then, foré € (0,1),

Pr(|X — p| > 0p) < 2eH0°/3,

Theorem A.2.4 (Chernoff’s Bound - One-Sided, Right-Tail). Given X := 3" | X; where
X; ~ Ber(p;) where Ber(p;) is a Bernoulli random variable with probability p; and all X;

are independent. Let p:=E(X)=>""p;. Then, for§ >0,

Pr(X > (1+0)p) < e #0/@+0),
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Theorem A.2.5 (Chernoff’s Bound - One-sided, Left-Tail). Given X := Y " | X; where
X; ~ Ber(p;) where Ber(p;) is a Bernoulli random variable with probability p; and all X;
are independent. Let 1= E(X) =" p;. Then, for 6 € (0,1),

Pr(X < (1—06)p) <e /2

A.3 Optional Stopping Time Theorems

Theorem A.3.1 (Doob’s Optional Stopping Time (Doob, 1971; Williams, 1991)). We
consider the following conditions. Let X,, be a stochastic process in R and T be its stopping
time.

(1) T is bounded (i.e. for some N € N, T'(w) < N,Vw);

(2) X is bounded (i.e. for some K € Rsq, |Xi(w)| < K for every t and every w and T is

a.s. finite );
(3) E(T) < oo, and, for some K € Ry,

| Xi(w) — Xi1(w)| < K VY(t,w).

In particular, let X,, be a super-martingale and 7,0 be stopping times. Then X,, X, are
integrable and for o < 7, E(X, | F,) < X, a.s.. In particular, for o = 0,7 = T,

E(X71) < E(Xy) in each of the above situations (1)-(3) holds.

Let X, be a sub-martingale. Then X, X, are integrable and for o < 7, E(X, | Fy) >
X, a.s.. In particular, for c = 0,7 =T, E(X7) > E(Xy) in each of the above situations
(1)-(3) holds.

Notice that in condition (3), the theorem still assumes a fixed step size. Then, we need
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an extended version of the Optional Stopping Theorem (Bhattacharya and Waymire, 2007;

Grimmett and Stirzaker, 2001).

Theorem A.3.2 (Extended Doob’s Optional Stopping Time). We consider the following

conditions. Let X, be a stochastic process in R and T be its stopping time.

(1) T is bounded (i.e. for some N € N, T(w) < N,Vw);

(2) X is bounded (i.e. for some K € Rxg, |X(w)| < K for every t and every w and T is

a.s. finite );
(3) E(T) < oo, and, for some K € Ry,

X,(w) — X (W) < K Y(tw).

(4) The stopping time T has a finite expectation, and the conditional expectations of the
absolute value of the martingale increments are almost surely bounded. More precisely,

E(T) < oo, and there exists a constant ¢ > 0 such that
E(|Xt+1 - Xt| |]:t) <c

almost surely on the event {T >t} for all t € Ny.

Theorem A.3.1 holds in each of the above situations (1)-(4).

A.4 Supplementary Materials of Chapter 3

A.4.1 Pseudo-Code of Algorithms

We consider the pseudocode from (Mitzenmacher and Upfal, 2005).
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Algorithm 16 2-SAT Algorithm

1: Start with an arbitrary truth assignment.

2: for t = 0,1,2,...,2mn? until all clauses are satisfied do
3: Choose an arbitrary clause that is not satisfied;
4: Choose uniformly at random one of the literals in the clause and switch the value

of its variable
5: if a valid truth assignment has been found then return it.

6: Otherwise, return that the formula is unsatisfied.

We consider the pseudocode from (McDiarmid, 1993).

Algorithm 17 Recolour

1: Start with an arbitrary 2-colouring of the points
2: while SEEK returns a monochromatic edge £ do

3: pick a random point in £ and change its colour

We consider the pseudocode from (Hevia Fajardo et al., 2023).

Algorithm 18 RLS-PD: Randomised Local Search with Pairwise Dominance

Require: Maximin-objective function g : X x Y - R
1: Sample z1 ~ Unif ({0, 1}")
2: Sample y; ~ Unif({0,1}")
3: fort € {1,2,...} do
4: Create 2’,y" € {0,1}" by copying x; and y; and flipping exactly one bit chosen
uniformly at random from either x; or y;.

5 A (@) =y (e 9) then (e, yin) == (o))
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A.4.2 Supplementary material for the analysis of coevolutionary

algorithms

We defer some important definitions and lemmas used in the analysis of the RLS-PD

algorithm here. Following the definitions used in (Hevia Fajardo et al., 2023), we define

Definition A.4.1. Let M(x,y) be the Manhattan distance from a search point (x,y) €
X x Y to the optimum, that is, M(z,y) = |nf — |z|,| + |na — |y|,|. Let My := M(xy, y).
For all t € N we define:

p;y 1= Pr (M1 > M, | My = M(z,y));
Puy = Pr (M < My | My = M(2,y)).

Definition A.4.2. During our analysis, we divide the search space into four quadrants.

We say that a pair of search points (x,y) is in:

the first quadrant if 0 < |z|, < fn Aan < |y|, < n,

the second quadrant if fn < |z|; <nAan < |y|; <n,

the third quadrant if fn < |z|; <n A0 < |y|, < an, and

the fourth quadrant if 0 < |z|, < fn A0 < |y|, < an.
Lemma A.4.1. (Hevia Fajardo et al., 2023) Consider RLS-PD on BILINEAR as in Theo-
rem 8.5.1. Define T := inf{t | M; = 0}, then for every generation t < T

M; — (A+ B)\y/n
2n

E(Mt—Mt+1— ,t<T|Mt>ZO

A.4.3 Supplementary material for the analysis of RWAB algorithm

Before showing the main theorem, we need some lemma to proceed.
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Lemma A.4.2. Given X ~ Geo(p),Y ~ Geo(q) where p,q € (0,1), if p > q, then Y

stochastic dominates X.

Lemma A.4.2 shows that given two Geometric distributed random variables, the suffi-
cient condition for one stochastic dominating the other is simply with higher "success"

probability.

The proof consists of four cases. We denote the accumulated regret for each case by R;
for i € [4]. Next, following the definitions in (Larcher et al., 2023), we define R; for i € [4]

formally.

Definition A.4.3. We denote the optimal arm by a*, the action value of S in CHALLENGE
by Sy and the expected regret at iterationt by A. Let s = \/T /L where T is the time horizon

and L is the number of changes. Then, we define

e Ri: “The accumulated regret when starting CHALLENGE with correct arm at = a*

until a change occurs or the CHALLENGE ends”;

e Ry: “The accumulated regret when a change occurs during an ongoing CHALLENGE
until the next change occurs or the end of this ongoing CHALLENGE no matter if we

* 7,

have a™ = a* or at # a*”;
o R3: “The accumulated regret when a™ # a* with no ongoing CHALLENGE”;

o Ry: “The accumulated regret when starting CHALLENGE with incorrect arm a* # a*
until a new change occurs or the end of CHALLENGE in which the action value in

CHALLENGE, denoted by Sy, hits —s to trigger a swap”.

Proof of Sketch for Theorem 3.6.1. Here we provide a sketch of the proof. We divide the
analysis into four cases covered by R; for i € [4] (as shown in Figure A.1). Once we

obtain the tail bound for these R;, we can derive the tail bound for total regret R by using
R<YL R O
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change 1 change 2 change 3

at =a* at # a* a* #a*

R
R | R, 3 Ry | R,
=y~ =Y e

I I I
Challenge 1 Challenge 2
< > < >

Figure A.1: Classes of accumulated Regret along time horizon.

A.5 Supplementary Materials of Chapter 4

A.5.1 Two Other Solution Concepts

Definition A.5.1 (Maximisation Over All Test Cases (Service and Tauritz, 2008)). Sup-
pose a set of candidate solutions, X, and a set of test cases, Y. Given an interaction
function or payoff function, g : X x Y — O, where O is an ordered set which deter-

mines the outcome of candidate solution X on test Y, the solution concept is defined by:

S={z*eX|Vre X Vyel gy >g(z,y}

Next, we define the maximin solutions are those solution configurations which maximise

the minimum outcome over all test cases.

Definition A.5.2 (Maximin (Wolpert and Macready, 2005)). Suppose a set of candidate
solutions, X, and a set of test cases, Y. Given an interaction function or payoff function,
g: X xY — O, where O is an ordered set which determines the outcome of candidate

solution X on test ), the solution concept is defined by:

S={z" € X |Vre X, mi *,y) > mi JY) b
{x | Va %}g(w y)_%}g(x y)}
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Notice that in Definition A.5.1, this solution concept considers a candidate solution x with
respect to all test cases y. Definition A.5.2 considers a candidate solution with respect to
the worst-case scenario. If ) is compact, then these two solution concepts are essentially
the same. Compared with Nash Equilibrium in Definition 2.3.1, these two solution concepts
only focus on finding the best candidate solution and the algorithm is not required also to

produce an opposing “optimal" solution y*.

A.5.2 Technical Lemmas for Games with Unique Nash Equilib-

rium

We adopt the notation in (Maiti et al., 2023).

Definition A.5.3. Given a two-player zero-sum game on a payoff matriz P € R™*™. Let
A,, denote the n-dimensional probability simplez (i.e. forp € Ay, > "  pi=1 andp; > 0).
A pair (p*,q*) is a (mized strategy) Nash Equilibrium of an input matriz P € R™ ™ if and
only if the following holds for all (p,q) € A, X Ay:

(p, Pq*) < (p*, Pq") < (p*, Pq).

In this paper, we are only interested in Pure Strategy Nash Equilibrium.

Definition A.5.4. For any payoff matriz P € R™*", let V} := maxyea, mingea, (p, Pq). In
particular, we say an entry (i*, j*) € [n] x [n] is a unique pure strategy Nash Equilibrium if
(€, e5¢) € Ay, x A, is a unique Nash Equilibrium of P where e;«, ej« are the unit probability

vector.

We refer to the following lemma from (Shapley et al., 1950).

Lemma A.5.1 (Lemma 1 in (Maiti et al., 2023)). Consider a matriz A € R™"™ with a

unique Nash equilibrium (p*, q*). The following conditions hold:
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1. The support sizes of p* and q* are equal (i.e., |supp(p*)| = |supp(q*)]).
2. Vi = (e;, Aq*) for all i € supp(p*), and Vi > (e;, Aq*) for alli ¢ supp(p*).

3. Vi = (p*, Ae;) for all j € supp(q*), and Vi < (p*, Ae;) for all j ¢ supp(q*).

Lemma A.5.1 allows us to derive the following result, which is proved in Appendix B.1

in (Maiti et al., 2023).

Lemma A.5.2 (Lemma 2 in (Maiti et al., 2023)). Consider a matriz P € R™"™ with a
unique Nash equilibrium (p*,q*). Consider a submatriz M of P with row index set Ix and
column indez set Iy. If SUPP(p*) C Ix and SUPP(q*) C Iy, then (p,q) is the unique Nash
equilibrium of M where (p); = (p*); for alli € Ix and (§); = (q*); for all j € Iy. Moreover,
Viy=V5.

A.5.3 Analytic Tools from Probability Theory and Analysis of

Randomised Algorithms

A.5.3.1 Yao’s Principle

In this section, we provide the mathematical tool that we use in the rest of the analysis.
Yao’s Principle (Yao, 1977) can be used to give lower bounds of a class of randomised

algorithms.

Theorem A.5.1 (Yao’s Principle (Yao, 1977)). Let II be a problem with a finite set T of
input instances (of a fized size) permitting a finite set A of deterministic algorithms. Let

p be a probability distribution over Z and q be a probability distribution over A. Then,

e E(T(1,, A)) < max E(T(1, Ay))

where I, denotes a random input chosen from I according to p, A, a random algorithm

chosen from A according to q and T'(I, A) denote the runtime of algorithm A on input I.
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A.5.4 Further Explanations for Sub-Problem Class

We provide an example to illustrate the concept of the sub-problem class (as in Defini-

tion 4.3.2).

Definition 4.3.2. Let G = (X, ), F, NASH) be a class of two-player zero-sum games, where
O C R and F be any subset of the set of payoff functions in these games g : X x Y — O
such that F is closed under permutation. For any given (x1,y1) € X X Y, any function
by : Y — O, and any function by : X — O, we define a sub-problem class F ((x1,y1), (b1, b2))
with respect to F as follows: f € F ((x1,y1), (b1,b2)) if and only if there exists a function

g € F such that

(1) g(z1,y) = bi(y) for ally € Y;

(2) g(x,y1) = ba(x) for all x € X;

(3) f is a restriction of g on (X \ {z1}) x (Y \ {v1}).

Figure A.2: Example of a sub-problem class. Given a payoff matrix P, the blue entries
mean that the actual values are already assigned to g(z1,-) and g(+,y1). (%, y*) is the Nash
Equilibrium we search for. The sub-problem class here means that the problem consists of

different payoff matrices with given blue entries.

Figure A.2 is an example of a sub-problem class. When querying (x1, 1), we also check
the corresponding row and column to verify whether the unique Nash Equilibrium lies on
this blue cross or not. If the answer is negative, then we restrict to the sub-matrix by

removing the blue entries in P.

195



A.5.5 Further Explanations for the role of Corollary 4.3.1 and

Lemma 4.3.1 in Theorem 4.3.1

In the main proof of Theorem 4.3.1, we rely on proof by induction: assume the theorem
holds for a search space of size N, we want to show it also holds for NV 4 1. Corollary 4.3.1
and Lemma 4.3.1 are crucial since they ensure that for every payoff function g € F, there
is a corresponding function ¢’ where the NE (z*, y*) is switched to (o(z*), 7(y*)) (i.e. o, 7
are two permutations on X', ) respectively) and the NE is still unique in the game defined
by ¢’. This means that the inductive hypothesis can be applied to ¢’ due to the closure
under permutation. In short, Corollary 4.3.1 and Lemma 4.3.1 establish a property of the
problems or payoff functions under consideration that is preserved under permutations.

This property helps to ensure that the induction step can be applied successfully.

A.5.6 Further Explanations for bitwise exclusive or in Black-Box

Complexity Analysis

We define @ as bitwise exclusive or. We introduce bitwise exclusive or here to generate
problem instances with the same structure. For example, DIAGONAL(z,y) is only one
possible problem instance in binary voting games and to find its optimum, we only need to
design the algorithm querying (1™, 1") to reach its optimum. And its black-box complexity is
trivially ©(1). Using bitwise exclusive or & (i.e. DIAGONAL(u®z, v®y) where (u,v) € UXV
is sampled uniformly at random), we can generate a set of problem instances which have the
same structure as DIAGONAL(z, y) and the goal of black-box algorithms is to find (z, y) such
that (u®z,v®dy) = (1",1"). (Note that if (u,v) = (0",0"), then DIAGONAL(0" @z, 0" ®y)
is reduced to the vanilla DIAGONAL(z,y).) This bitwise exclusive generator can avoid the
trivial black-box complexity mentioned above and reflect the true difficulty of the class

DIAGONAL. We refer to (Doerr et al., 2015; Droste et al., 2006) for more detail about
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black-box complexity theory.

A.6 Supplementary Materials of Chapter 5

A.6.1 Proof Idea for Theorem 5.3.1

fiz) forie N1 fiz?”) for i € [A1\[N]

Figure A.3: Sketch of proof idea for Theorem 5.3.1. The offspring are sorted according to

fitness. We denote the number of offspring with fitness 1 by N.

A.6.2 Proofs of Technical Lemmas for Section 5.4.1

Proof of Lemma 5.4.1. (1) If 2| > |2(®)|, then we rewrite the fitness in terms of sum

indicator functions:
F@M) = g(@y) = 1005,
Notice that if |22 > |y|, then |z()| > |#®)| > |y|. Then we have the event inclusion:
{2 = [y} € {l«W] = y[}

This implies that

L@ s < Lgaosyp

Then, we have
f(l’(z)) = ]1{\m<2>|2\y|} < ]l{xu)zy} = f(x(l))-
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(2) If [yV] > |y@|, then we rewrite the fitness in terms of sum indicator functions:

h(y(l)) = g(x,y(l)) = ]]'{ny(l)}

Notice that if [x| > |y™|, then |z| > |y™| > |y®|. Then we have the event inclusion:

{lo >y} € {la] > ]}

This implies that

Laspopn < Ligpspop

Then, we have

™) = etz = Lgayen = hy™).

A.6.3 Proofs of Technical Lemmas for Section 5.4.2

Proof of Lemma 5.4.2. In odd iterations t = 1,3, ..., Algorithm 13 updates y and in even

iterations t = 2,4, ..., Algorithm 13 updates .

If we have Yo, > Xy, in iteration 2¢, then the next search point does not cross the diagonal
if Yor11 > Xopp1 or Xogpo > Yoo in one cycle. And if Yo 1 +c¢ < Xopq or Xoppo+c < Yorpo,
then the search point lies outside the c-tube during the consecutive steps. Thus, a successful
cycle in Definition 5.4.3 breaks. Note that a successful cycle in Definition 5.4.3 breaks is
equivalent to the event that either the search point escapes from the c-tube or does not
cross the diagonal during the cycle. Then, we use the union bound to give an upper bound

of the probability that a cycle fails to be successful. Before that, we provide a more precise

198



A.6. Supplementary Materials of Chapter 5

union bound as follows. Given events A, B, F,

Pr(AUB|E)=Pr(A|E)+Pr(B\A|E)
<Pr(A|E)+Pr(B|E,A°)Pr(A°| E)
<Pr(A|E)+Pr(B|FE, A (A1)

Next, we denote the following events.

EO . :{}/275 >X2tﬂD2t <C}
E:= {X2t+1 > Y2t+1}

Ey: ={Ya10 > Xoryo}
Fy:={Dy1 > ¢}

Fy i ={Dyy > c}
Note that we have a successtful cycle in iteration 2¢ if and only if £; N Ey N FY N Fy holds.

Pr (A cycle fails to be successful at iteration 2t)

=Pr(E{UESUF,UF, | Ey)
Using the union bound gives

<Pr(E{UES| Ey)+Pr(F,UFy| Ey)
Using Eq (A.1) gives

SPI‘ (Ef | Eo) + Pr (Eg | Eo,El)
+PI’<F1 ‘ E(]) +PI"(F2 ‘ E[),Flc)

Using the conditions (1) — (3) gives
<2pc + 2p. (A.2)

Next, we consider 7 consecutive cycles. We define the failure event F; as the algorithm has

an unsuccessful cycle in iteration ¢. By using the union bound and Eq (A.2), we have

Pr (3t € [7] s.t. F} occurs during 7 consecutive cycles)

<27 (pe + Pe)
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So, we can derive that

Pr (The algorithm has 7 consecutive successful cycles)

2]- - 27—(1)0 +pe)'

A similar analysis holds for the case that (Xg; 1, Y2:+1) in iteration 2t + 1.

A.6.4 Proofs of Technical Lemmas for Section 5.4.3

Proof of Lemma 5.4.4. If x = O(1), then

A
Pr (No offspring of z; is identical to z;) = <1 —(1- K)”)
n

Here, we use (1 —X)" > e™X(1 - x%) and taking n large enough such that (1 — x;) > 1 gives

Note that 1 — <~ is a constant in (0, 1) so that we obtain the exponentially small tail in A.

Then there exists k,¢ > 0 s.t. 2F = z; and y/ = y; w.h.p. respectively.

Moreover, note that Pr(Xt(l) > Xt(A)) =1- Pr(Xt(l) < Xt()‘)) =1- Pr(Xt(l) = Xt(/\)).

Then we can bound the following first (denote the number of 1-bits of original z; by X;):

min{n—X¢,X¢}

(=)= 3 ()G

k=0

() B Xy

n n

Using (31) (32) < (i 15:) sives

INA
7\
o3
™
N——
SRS
e
Enl
-
3 |
=
|
[N~}
ol
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Note that min{n — X, X;} < ¢

5]

<3 ()G a-r

B

Consider a binomial random variable Z ~ Bin(n, ) and we consider the probability that

Z is even. Then, we have
= Pr(Z is even)

Using Lemma 5.4.3 with p = % gives

1 1 2x
= -4+ - (1=
2 2 ( n )
< 1 n 1
2 2eX
Since x > 0 is some constant, so % + QE%X = ¢ < 1 is also constant. Given that there exists

k>0 s.t. x,gk) = x; w.h.p., we have

Pr(x{" = xV) < Pr(vj € \.X = X,)
S C)‘(l . e—Q(A)) + e—Q()\)

— o2

Then, Xt(l) > Xt(’\) w.h.p and so is Y;(l) > Y;(A). Then we have X offspring cross the diagonal
whp if XV <y,

Proof of Lemma 5.4.6. We apply Lemma 5.4.5 and Markov’s inequality for the concentra-

tion. For any s > 0 and A > 1,

Pr(U > s)="Pr (e”U > e"s) < E[e”U]e*”S
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Taking E[e"] < exp (x(e" — 1)) and 1 := Inln \ gives

< eX(ln )\71)673 Inln A

< e*X)\XQ*Sln In A
For the second part, we notice that

Pr(U >s)="Pr (e"U > e"s) < Ele"]e

< e Xexel—sn

Note that h(n) := xe" — sn attains its minimum at 7 = ln(i) by differentiation. So setting

n:=1In($) gives

< e—)((f-&(lﬂ(i)—l)

s > e’y gives In($) — 1 > 1. Then, we have

Proof of Lemma 5.4.7. Let us divide the analysis into two cases. Assume ¢ is even and
Y, > X, first. The only way the search point can cross the diagonal is to cross horizontally.
Assume now we are in iteration ¢ such that we mutate and select the new X;,;. By
using Lemma 5.4.4, we conclude that if ¢ is even, then Pr (3k € [A], 2} = 2;) > 1 — e %W
and Pr (max;e;y X; > minep X;) > 1 — e ™. Then, we first compute the probability
that E does not occur under the case that we have both Fy := {3k € [\],2F = x;} and

Fy = {maxe|y X} > minge|y X{} hold.
Pr(E} | FiNF) ="Pr (Xt(” < Yt)

=Pr (maXXZ < Yt) .

€[N
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We define for i € [\] for z;-bitstring, a random variable W; _ to be the number of 1-bits
that the mutation operator flips into 0-bits and another the random variable W; | to be the
number of 0-bits that the mutation operator flips into 1-bits. Then, we define the change
in 1-bits W; = W; , —W; _ is subject to the distribution Bin(n — X;, £) — Bin(X,, X). After
the mutation in Algorithm 13, we have \ offspring at iteration ¢t + 1: X} = X, + W;. So we

have

1€

= [[ Pr(Wi < D))

1€[A]

= [[-Pr(W: > Dy).

i€\
We consider the event that we only flip 0-bit in x;. We modify the probability pessimisti-
cally by assuming we flip exactly D; bits in 0-bit of z;. In particular, Pr (W; > D;) >
Pr(W; 4+ = D;). Let D; =Y; — X;. Then, we have

(- (") Y

Using ("_Xt) > (”*D);i;ft and n — X; > en gives

Dy B
_ X,\D: Dy n—D;\ *
S(l_%@) < (1-%) )
D, n n

Using (1 — )" > e (1 — I—Z) and 1 — &

n -
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Using (1 — 2)" < e™ gives

1 A

3% 7o D
()

<exp| —

AN
If <5 /\, this gives

1 A 1 2@1X
S P T A N

Dy
So we would like to check the range of D; which satisfies (%) < ﬁ It is known that

the Lambert function W(z) = Inz — Inlnx 4 o(1) (Corless et al., 1996; Lehtonen, 2016).

We can derive W (x) < In(x), and thus we have

In (ﬁ) - In (ﬁ) B InA—Inln A
%% (hl(h?x)) N In <ln(1m>> lnln (ln)\) +ln( )
EX EX
B In\—Inln A\
lnln)\—lnlnln)\—i—ln(i)
kIn A
> ci=
- Inln A\

for any constant x € (0, 1).

So D; < ¢ implies that D, < lnE & i) 39 Next, if D; < % then by definition of
H() o)
W function (e"(®) = W) We have

Taking In gives
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Considering y < W (x) is the solution to the inequality ye¥ < x and using z = :

In (%) give

Taking exponent on both sides and rearranging the expression give

DA\ A
_ < S
EX “InA

Now, we combine the probability of E; under the case that we have both F} = {3k €
[Al,zf = 2} and Fy = {max;epy X, > miney X/} hold with Lemma 5.4.4 to give the

overall probability of F;. Using the law of total probability gives:
Pr(Ef) =Pr(E; | F1N Fy) Pr(FyNFy) +Pr(E; | FYUFy)Pr(Fy U Fy)
1\ zex
< (X) + Pr(F7 U Fy).

Using Union bound and Lemma 5.4.4 gives

_1
For sufficiently large A, we have 2e~ %% < (%) 22X So, this leads to

<212%X
_A .

Proof of Lemma 5.4.8. A similar statement works for AY}. In this proof, we deal with the
case AX/. We assume ¢ is even and X; < Y;. Statement (A) follows immediately from

Lemma 5.4.7 because any constant x € (x, (1 + x)/2) C (0,1) for x € (0,1).

Next, we deal with the second inequality. To estimate K, we use Lemma 5.4.6. We

denote the number of 1-bits that i-th offspring increases by U; for i € [A]. Lemma 5.4.6
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implies that for all i € [)\],

Pr (U; > D; 4 ¢) < e X\Xe~(e+Py)InlnA

— e—x/\x—ne—Dt Inln A = .

We can consider such sampling with at least (D;+c¢)-jump as X independent trials, and thus

K is stochastic dominated by a binomial distributed random variable Bin(\, qx) ~ K*. So
E[K*} = AQK — G_X)\l"!‘X—HG—Dt hlln)\‘

Using D; < llrr’li\ gives

> e—X)\H-X—QH

We can apply Chernoff’s bound to get for any d; € (0,1), and using stochastic dominance

(K* = K) gives
Pr(K > (14 6)E[K"]) <Pr(K*> (1+46)E[K"]).
Using Chernoft’s bound gives

< efE[K*}éf/S'

Using the lower bound for E(K™*) gives

e—X>\1+X—2'€5%

< Zexp(—A0(1)),

where 1 4+ y — 2k > 0 directly follows from x € (x;, HTX)

To estimate M, we note that

Pr(AX] > D)) > (” - Xt) (X)Pe(1 = Xy,

D, n n

Using ("Bi(t) > % and n — X; > en gives
— Dy D
L L (7
D, n
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Using n — X; > en gives

M is stochastic dominated the random variable M* = Bin(\, ¢a) So we have
D, < c implies that

> 1 <%>

— 2eXx c

_ kln)\ ex\¢ _ 1 —K
Note that ¢ = {325 and thus (—c ) = () > A7". Then, we have
elnln exInln

)\l—n
> .
- 2eX

where k < 1 follows from k € (x, HTX) By using Chernoff’s bound on M* and M* 5 M,

we have for any 0, € (0, 1),

Pr(M < (1—02)Aqu) < Pr(M* < (1—0d2)Aqur)

o—EM*183/2

IN

Using the lower bound for E(M*) gives

< g AT /2ex

Now, we have for any d;,d2 € (0, 1),

e—X/\1+X—2F~5%

Pr(K > (1+0)\g)<e 5 , Pr(M<(1-0d) )< oA T3 /2ex

We then use the union bound to prove that either of F; = {K > (1 + 01)\gx} and

Fy ={M < (1 — d2)A\qu} occurs with exponentially small probability in A:

X ALFX 2552

Pr (F1 U FQ) S (& 3 + 67)\1_}66%/26)(.
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So we can prove that

K 1 01 gx A

efx)\1+x72n62 B
>]1—e 3 L 6_)\1 "3 /2ex

=1 — e 00,

Finally, we want to bound the ratio gﬁ in a small quantity. Note that

—X\X—K,—D¢Inln X
LS < ¢ N e 5 =2\ L e
qm 1 (z) ' D¢ Inln A <g> '
2ex \ Dy Dy
Note that for y € [1,¢], ¢(y) := e¥nInA (5") attains its minimum at 1 or ¢ from extreme
value theorem and the fact that ¢'(y) < 0 for y € [1,¢]. So ¢(D;) > min{¢p(1), ¢(c)}. We

can see ¢(1) = ™™ and ¢(c) = X%+ (X)¢ > A" - A7" = 1. Then, ¢(D;) > 1.
< 2077,
In overall, for any x € (0,1), k € (x,%5), 61,05 € (0,1), we derive

K 1+6 (1\"* 0
Pr|— <2 - >1— e 00,
r(M_ 1—52(/\) >— ‘

Note that 1+51 =1+ 61+52 =1+ 6 where § := ‘51+52 > 0. The second case follows from a

similar analysis and we complete the proof.

Proof of Lemma 5.4.9. In this proof, we assume that Y; > X, and a similar analysis is

applied to the case Y; < X;. Let us choose ¢ in Lemma 5.4.8. For any x € (0,1) and ¢ (

kln A
Inln A\

1+x
2

c= where any constant k € (y, —5X)), we have

(A): Pr (maxjep)AX] > Dy | Dy <c¢) >1—2 (%)Z%X

(B): Pr (% < 24 (%)WX) >1— e N for any constant d;,d, € (0,1)
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where AX/ denotes the change of number of 1-bit in i-th offspring of z;, and

K : = {# of samples/offspring s.t. AX} > D, + c}
M : = {# of samples/offspring s.t. AX! > D,}.

Given that D, € [1,¢), some of the offspring may escape from the lower boundary (Y; =
X; — ¢) of the tube, while there is only a small probability that the algorithm selects such

escaping offspring. By using Lemma 5.4.8, we have
Pr (Dt+1 > C | Dt < C) = Pr(|Xt+1 - Y;5+1| > C | Dt < C)
Let E ={X\ offspring cross the diagonal} and we use the law of total probability

=Pr(AX;—D;>c|D;<c¢,E)Pr(E | D; <c)
"‘PI‘(Dt—AXt >C‘Dt <C,EC)PI'(EC | Dt <C).

Using definition of conditional probability and the condition of ¢ from Lemma 5.4.8 gives

SPI'(AXt—Dt>C’Dt<C)

1 2eX
+2Pr(D; — AX; >c| Dy < ¢, EY (—)

1
SPI‘(AXt>Dt+C’Dt<C)—|—2' (X)
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We define K := #{offspring s.t. AX} > D; + ¢} and M := #{offspring s.t. AX} > D;}.
The algorithm assigns fitness 1 to M offspring in this case, including those crossing outside
the tube (denote their number by K'). Since their fitness is the same, the next search point
will be selected uniformly at random from M. Using the second condition in Lemma 5.4.8

and the law of total probability again, we have for any constant 4,0, € (0, 1),

K 1+6; [1\"X
<Pr AXt>Dt+c\Dt<c,M<21_5; (X)

K 146 [1\"X

K _ 1468 (1\"X
cPr(AX, > Dite|Di<e > 2- 1<X) )

M= 1-5,
K 146 [1\"X 1\ 7%
Pr=t>2 = 2. (<) .

P\ 1—62(>\) * ()\)

Using (B) in Lemma 5.4.8 gives

146 [1\"X K _ 146 [1\"X 1) 7~

<9 i I T N - 2 (=

= 1—52()\) * r(M_ 10, \\ =5

146, (17X 1) 7~
<2 - O =
=1, ()\) +e + \

Taking 0; = 95 = % gives
min{k—x, 5 } 1 min{x—x, 5y }
) +2(3) |
X

1 min{n—x,zc%x} 1
<6 — _
(i) G

1

Notice that k € (x,*}') and thus k — y € (0,15%). It is known that e* > 1 + z for all

z € R. In our case, we derive 15X < -L for any x € (0,1). Then, min{x — x, Tt =K—X

1\
<9(%) .
()

We introduce another variable v := k — x and we complete the proof.

()

Then, we derive

210



A.7. Supplementary Materials of Chapter 6

Proof of Lemma 5.4.10. We use Lemma 5.4.9 can conclude that with probability at most

9 (%)7 where constant v € (0, 1_7"), the search point deviates from c-tube where ¢ in
Lemma 5.4.8. By Lemma 5.4.7, the offspring crosses the diagonal with probability at least
1— (%)2%c So we have shown the first part and second parts directly from the fact that
at each iteration, when the search point stays within the tube, either X;,; — X; > 1 or
Y11 — Y, > 1 with probability at least 1 — 9 (%)'y — (%)Q%" =1- O(/\%) By taking
v := 12X (and thus in Lemma 5.4.9, k = *22), We conclude that either X;4; — X; > 1 or
Y;11 —Y; > 1 with high probability i.e. with probability 1 — O(m) Finally, by taking

sufficiently large A s.t. 1 — O(m) > 1. it yields the positive constant drift § for H;.

]
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A.7.1 Roadmap of Appendix A.7

The appendix provides additional technical details and support for the main content of
our work. It includes a summary of our contributions, technical lemmas for a new level-
based theorem, and an extended analytic toolbox with the Negative Drift Theorem and its
population-based variant. Additionally, omitted proofs from the main text are presented

in detail, along with extra empirical results that present further validation of our findings.

A.7.2 Summary of Our Contributions

We provide a table to summarise our contributions in this paper (see Table A.1). As shown
in the table, we present the runtime bounds for evolutionary algorithms on pseudo-Boolean

maximin benchmarks. In particular, the runtime bound of PDCoEA on DIAGONAL is
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O (An(n? + A?)) for A = Q(logn) and this is a much better bound than previous work by
Lehre and Lin (2024c) which has O(An) for A > n*/(1=%) when analysing (1, \)-CoEA.

Algorithm /Benchmark Diagonal Discrete-Bilinear
Upper: - Upper: -
(1,\)-EA
Lower:e™ (Lehre and Lin, 2024c) Lower: -
Upper: N.A. Upper: O(n*?) (a, 8~ 1/2) (Fajardo et al., 2023
RLS.PD pp pper: O(n'?) (o, 8~ 1/2) (Faj )
Lower: ¢ (Theorem 6.4.1) Lower: -
Upper: N.A. Upper: -
(14+1)-CoEA PP PP
Lower: ¢ (Theorem 6.4.2) Lower: -

Upper: ME/r —r for A =2r + 1
Upper: O (An) for A > n* (=% (Lehre and Lin, 2024c)

(1,0)-CoEA with radius r € N (Hevia Fajardo and Lehre, 2023)
Lower: -
Lower: -
PD-CoEA Upper: O (An(n? + A\?)) for A = Q(logn) (Theorem 6.5.1) Upper: O(A\?n) (Lehre, 2022)
-Co
Lower: - Lower: -

Table A.1: Runtime bounds for evolutionary algorithms on pseudo-Boolean maximin bench-
marks. Bounds in bold are the main contributions of this paper. N.A. denotes that the
bounds are not available. “-” denotes that the bounds are still missing in current literature.
For DIAGONAL game, we provide the tail bounds for the runtime of algorithms finding the
optimum. In particular, for (1, A\)-CoEA on DIAGONAL, the mutation rate x € (0,1) is
constant and note that Lehre and Lin (2024c¢) only shows the runtime of (1, \)-CoEA for
finding the approximation of the NE of DIAGONAL. For DISCRETE-BILINEAR, we present
the upper bound for the expectation of runtime for RLS-PD finding the optimum under
the configuration a, 8 = % + O(\/Lﬁ) ~ % and tail bound for the runtime of PDCoEA as
shown in previous work. For (1, A)-CoEA, Hevia Fajardo and Lehre (2023) considered the
search domain in Z and M, := |z, — 8| + |y: — a| for t € N. Note that two (1, A)-CoEAs

presented here are different in both the search domains and mechanisms.
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A.7.3 Partitions in Level-Based Analysis

Before showing our main result (Theorem 6.5.1), we define the following partitions that we
will use in Theorem 6.3.1. Given (Uy x Vp), ..., (U, x V,,), we define Uy = X and Vp = Y
and for j € {1,...,n}, where we suppose n = 4k (and thus n/2 = 2k to simplify the

notation during our calculation. One can use a different alternating partition for odd n)

Uy : = Ag; and
Ugjy1 1 = Agjp1 U Agjyp and
Voj o ={y €{0,1}" [ [yr = 24,25 + 1} and

Vajrn o ={y € {0, 13" [ |y[r = 25 + 1}. (A-3)

Given two populations of solutions P, € X* @Q, € V*, we define the current level by
J :=max{i € [n]U{0} | (P x Q) N (A; X B;)| > 7A*} where 7y € (0,1) is constant and

A € N is the population size.

Al a] ] to = xNUPI)ﬁrf(P)@ €Agy) w= yNUf:ﬁrf(Q)(y € Byj)
] ; = P €A; = P € B;
! ! ! ! “ :ENUnirf(P)(x J) 1 yNUnirf(Q)(y j)
1 1 1 1 = P € A; = P € B;
Ug wNUnil"f(P)(x j+1) Vo yNUmrf(Q)(?J 1)
? 1 1 1 U3:1—U0—U1—U2 U3:1—U0—U1—U2
re= Pr (DIAGONAL(z,y) =1 |z € A,y € Bj)

z~Unif(P),y~Unif(Q)

= P DIAGONAL 1|2 € Auisr,y € B
" sznif(P),gl;wUnif(Q)< (z,9) |z >j+1, Y >jt1)

Figure A.4: 2-pixel-partition and orange pixels denote the current and the next levels.
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A.7.4 Technical Lemmas for a New Level-Based Theorem and

Analysis for Condition (G2b)

Lemma A.7.1 (Lemma 1 in (Lehre, 2022)). Given subsets A C X, B CY, assume that

for any § > 0 and v € (0,1), the sample (z,y) ~ D(P,Q) satisfies
Pr(zx € A)Pr(y € B) > (1 +9)7.

Then the random variable Zyyq := [(Py1 X Q1) N A X B| satisfies

(1) El(Zi+1) = A1 = 1)(1 +6)7.
(2) Ey(en?me1) < emMOAD for 0 < < (1—(1+6)"VY)/A
(3) Pr; (Zeor < N(yA — 1)) < exp (_51 (1 - %ﬁ) for 8, € (0,9).

Lemma A.7.2. Given subsets A; C X,B; C Y fori € [m] where Ay = X and B; =),
mo € N where my < m, and any population P, x Q, C X* x Y at iterationt € N where \ €
N, we define the number of individuals in level i at iteration t by X" = |(Px Q)N (A; x B;)|

and current level at iteration t by Y, := max{i € [m] | X\” > 1A} where 7o € (0,1).

If there exist Zpy, . .., Zm_1,0 € (0,1) such that for any populations P, € X* and Q; € Y*

with current level Y; > mo and for any t > N,

(G2b) for (z,y) ~ D(P,Qy), if Pr(x € Ay,) Pr(y € By,) > (1 + 0)70, then

Pr (Vi <Y; | Y >my) <e 90,
Moreover, if Yy = mgy, then Pr(Y; < mg) < e~ W for any t > 0.

Proof. From the proof of Theorem 3 in (Lehre, 2022), Y;,; < Y; holds if and only if

Xt(}:’i) < 1A?. Note that the (G2b) condition satisfies the condition in Lemma A.7.1 and
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thus using (3) in Lemma A.7.1 gives
Pr(Yi1 <Yy |Y: >my) =Pr <Xt(3:t1) < AP Y, > m2> < e (A.4)

where ¢ > 0 is some constant. For the second claim, we use proof by induction. If t = 0,

then the claim holds trivially. Now, suppose the claim holds when t = N, i.e.
Pr(Yy < my) < e %%,
For t = N + 1, by using the law of total probability, we have

Pr(Yny <mg) =Pr(Yyi <mso | Yy <ms) - Pr(Yy < ms)
+ Pr (YN+1 < Mo ‘ Yy > TTLQ) - Pr (YN > mz)

<1 -PI’(YN < mg) —|—PI‘(YN+1 < Mo | Yy > m2) - 1.
Using the induction hypothesis gives
< G_Q()\) + Pr (YN-i-l <me <Yy ’ Yy > mg) .

Using Eq. (A.4) gives

Thus, the proof is completed. O]

We need three additional lemmas to lower the probability that the individuals in the

previous level are selected. We define the set of pixels by using for j € [n],

Aj = {x € {Ovl}n | |5L‘|1 :j};Bj = {y € {071}71 | |y|1 :]}

Lemma A.7.3. Given two populations P and @Q in PDCoFEA from Algorithm 15 with

population size clogn < X\ € poly(n) where ¢ > 0 is some constant and constant mutation

rate x € (0,In2/2) on DIAGONAL with problem size n, assume constant vo > (e2X/2)/?
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and sufficiently large n. Suppose Algorithm 15 initialises Py, Qo at |Po(i)]1 = |Qo(i)]1 =
n/2 for all i € [N with the runtime of Algorithm 15 finding the optimum T € N. Let
R.(i) = 2?21 1¢1,()=i} where 1,(i) represents the parent of the i-th individual at iteration
t < T. Then, given a constant f € (1/7,1/6), the reproductive rate of each P-individual
and Q-individual between Ay, and Aj ¢ (or By, and B, ) 1s bounded by 1+ o(1), i.e. for

all i € [\] and z € {0,1}",
E(Rt(z‘) | Bn < H(P,(i),2) < %) <1+ o(1);
B(R() | fn < H(Qui),2) < £ ) < 1+0(1),
where H is the Manhattan distance and |z|; = Bn.
Proof of Lemma A.7.3. Without loss of generality, we consider the reproductive rate for

P-individual between level Sn and n/6. Before proving the lemma, we need to introduce

the following notations:

Ro:={x € {0,1}" | |z < fn};
Ry :={x€{0,1}" | |z| > pn}.
So:={y €{0,1}" | [yl < Bn};
Sii={y €{0,1}" | [y[r > Bn}.

The fraction probabilities among the populations P;, ); are denoted by

po :=Pr(x € Ry); p1 := Pr(z € Ry).

0o :=Pr(y € Sy);01 := Pr(y € Sy).

Now, we consider SELECT(P, ()) only. Given two uniformly sampled pairs (1, 41), (2, y2) ~
Unif ({0, 1}™ x {0,1}"), there are three main cases in which we select either x (or y) in Ry
(or Sp):

(1) Sample both (xy,y;) and (x9, y2) in Ry, then no matter (z1,y1) = (22,y2) or (x1,y1) #
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(22, y2), we both have x; or x5 € Ry; (Or sample both (z1,y;) and (x9,y2) in Sy, then

no matter (x1,y1) = (w9, y2) or (z1,y1) # (22,y2), we both have y; or yo € Sp) ;

(2) (x1,11) = (z9,y2) and 27 € Ry while x5 does not need to be in Ry (Or (z1,y1) =

(x2,y2) and y; € Sy while yo does not need to be in Sp);

(3) (x1,11) % (wa,y2) and x5 € Ry while x; does not need to be in Ry (Or (z1,y1) %

(x2,y2) and yo € Sy while y; does not need to be in Sp).

Note that if (z,y) € Rg x Sy or Ry X Sp, then g(x,y) = —1 or g(z,y) = 1 respectively.
Since Ry X Sy, Ry x S7 contains more possible scenarios, (i.e. for (z,y) € Ry X So, Ry X S,
g(x,y) can be either —1 or 1. we assume that if (x,y) € Ry x Sp, then g(x,y) = —1
with probability r, € [0,1] and g(z,y) = 1 with probability 1 —r, € [0,1]. Furthermore,
if (z,y) € Ry x Sy, then g(z,y) = —1 with probability r, € [0,1] and g(z,y) = 1 with

probability 1 —r; € [0, 1].

For x € Ry, there are possible pairs probabilities as follows.

A Pr (events {(2),(3)})

(2,y)~SELECT(P;,Q+)
=(1 = 71)po00po01 + T1P000L100 + T1P0T1P000
+ T1P000P001 + T1P000L000
+ poo1poo1 + (1 —11) pocopoco + (1 — 71)pocipoco

=po (Po(Uo +01)° + P108T1)

Using pg + p1 = 09 + 01 =1 and r; <1 gives

<po (p+ prog) < po < 1.
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For y € Sy, there are possible pairs probabilities as follows.

- Pr (events {(2),(3)})

(2,y)~SBLECT(P1,Q1)
=p100p100 + (1 = 71)podopoco
+ (1 = 71)p100p000 + (1 — 1) podopoos
+ (1 = 71)po00p100 + r2p1000101
+ p100p001 + T1P000L000
+ Po01P100 + T1P100P000 + T'1P000P100

=0y (2/)0[)1(0'0 —+ 0'1) + ,0(2)(0'0 + 01 — 0'17“1) + p%(O'o + 0'17’2))
Using po + p1 = 09+ 01 = 1 and 71,75 € [0, 1] gives
<09 (2p0p1 + pg + p}) = 00 < 1.

Above all, we can compute the probability that (recall A € poly(n) and assume sufficiently
large n), for each i € [A],

1 1
Pr (TE€R) < —+~-1=

1 ( 1 )
(z,y)~SBLECT(P;,Q1) EED.CERED A ‘

Thus for each i € [)], the reproductive rate for either P-individual or @-individual is

bounded by +(3 +1)- A =1+ 5 =1+ o(1) for sufficiently large n. O

Lemma A.7.4. Assume that for a sufficiently large constant c, it holds clogn < X €
poly(n) and Algorithm 15 initialises Py, Qo at |Py(i)]1 = |Qo(i)|1 = n/2 for all i € [A].

Given some constant B € (1/7,1/6), we define

where P, and Q; are the population of search points from Algorithm 15 on DIAGONAL.

Then, Pr (Tgn < eQ(”)) < e~ FPurthermore, for T € N,
Pr (U_o(P x Q¢) N (ALg, x Blg,) # 0) < e %™
where Ag, 1= U,Ei%JA; and B.g, := U,Ei%JB,’c.
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Proof of Lemma A.7.4. From Lemma A.7.3, for all i € [\], (assuming sufficiently large n),

E(Rt(i) | Bn < H(P(i), 2) < %) <1+o0(1);

E(Rt(i) | Bn < H(Qu(i), 2) < %) <1+o0(1),

where H is the Manhattan distance and z € {0,1}" with |z|; = fn. We satisfy condition
(1) in Theorem 2.8.5 with a(n) := fn (a constant § € (1/7,1/6)), b(n) := n/6 and
ag = 1. By setting ¢ := In(1)/x + 555 and noting that b(n)/n = 1/6 < min{1/5,1/2 —
V(2 — 1) /2}, we satisfy condition (2)-(3) in Theorem 2.8.5. Thus, Theorem 2.8.5 yields
that Pr (Tgn < eQ(”)) < e~ Moreover, by using a union bound for each iteration, we

can easily derive the second statement. O]

Lemma A.7.5. With the same setting as Lemma A.7.4, assume P, and Q; are the popula-
tions of search points from Algorithm 15 on DIAGONAL at iteration t € N and the current

level of the populations at level j € (Sn,n). For any t € poly(n),

Pr (\Pt N A’<j| < Xe""mA/?) < gm0,

Pr (|Q: N B, < xe X7\/7) < e %,
where A_j == U_ A, and B.; == Ul_\ By (A, By are defined in Section 4.1).
Proof of Lemma A.7.5. Suppose P; and (Q; are the populations of search points from Algo-

rithm 15 on DIAGONAL at iteration t. Without loss of generality, we consider P-individual.

We divide the analysis into two cases.

(1) The current level of P, x @); remains at the same level j as previous iteration ¢ — 1.

In this case, after mutation in iteration ¢ — 1, for each i € [A],

: VAR X\n—1
Pr x €A |j>pn)> g —“"
(w,y)~MUTATE(Pt71,Qt71>( <i|j=pn)z (1) i)
IX -
> 22 eX(1 — o1
> 2Xex(1 - o(1))

219



220

Using the condition j > fn gives

> fxe (1 =o(1)).

By the law of total probability, we have

T r €A ;) = Pr z €A | 5> 06n)-Pr(j> Bn
(z,y)~MUTATE(P;—1,Q¢—1) ( <]) (z,y)~MUTATE(P;—1,Qt—1) ( < ‘ J = B ) <j - B )
+ Pr (xeAsj|j<pPn) -Pr(j<pn).

(z,y)~MUTATE(P;—1,Q¢—1)
Using Lemma A.7.4 with 7 € poly(n) gives that Pr (UJ_y(P; X Q) N (A<pn X Begn) # 0) <

e~ = ¢~ This means that the probability that the current level is below fn

—Q(n)

> fxe™ (1= o(1)) (1 - ~)
= Oxe X (1 —o(1)) := 6.

So |P, N A;| = Bin(yoA, 01) := M;. Then, using stochastic dominance gives for any
6 € (0,1)

Pr (|Pt NA| < (1—-09)Bxe *(1—o0(1)) ’yo)\) < Pr(M; < (1—=19)yM6)
Using Chernoff’s bound and A € poly(n) give

< e N = 0,

By taking suitable ¢ such that (1—0)5 (1 —o(1)) < 1/7, we obtain the desired result.

The current level of P; x (Q; moves to the level j* > j where j is the “current” level of
P,_1 X Q;_1. In this case, after mutation in iteration ¢t — 1, for each i € [)],

I X
r xe A_.) > (1 — &\
(z,y)~Mutare(P; 17Qt—1)( <J ) e ( n)

> e X(1—0(1)) := bs.
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So |P, N Acj| = Bin(yoA, 8) :== Ms. Then, using stochastic dominance gives for any
5 € (0,1)

Pr (‘Pt N A<j/| S (1 — (5)67X (1 — O(l)) 70)\) S Pr (Mg S (1 — 5)70)\62)
Using Chernoff’s bound and A € poly(n) give

By taking suitable ¢ such that (1 —¢) (1 —o(1)) < x/7, we obtain the desired result.

]

A.7.5 Omitted Proofs

Theorem 6.3.1. Given subsets A; C X, B; C Y for j € [m] where Ay = X and By =),
define T := min{t\ | (P x Q;) N (A X By) # 0}, where for all t € N, P, € X* and
Q. € Y are the populations of Algorithm 5 in generation t. Denote the current level of the

population by j :=max{ i € [m — 1] | |(P x Q) N (A; x B;)| > vA\*} where o € (0,1).
Given my € N where mo < m, suppose Pyx Qg is initialised with the current level 7 > my.

If there exist Zpmy, ..., 2m-1,0 € (0,1) such that for any populations P € X* and Q € Y*

with the current level j > ma,

(G1) for (z,y) ~ D(P,Q), Pr(x € Aj11) Pr(y € Bjt1) > 2j;

(GQG’) fOT all v E (0770)7 Zf |(P X Q) n (Aj+1 X Bj+1)| > 7/\27 then fOT’ (%Z/) ~ D(Pu Q);
PI'(:C € Aj+1) Pr(y € Bj+1) > (1 + (5)”)/,

(G2b) for (z,y) ~D(P,Q), Pr(x € A;)Pr(y € B;) > (1 + )05

and the population size A € N satisfies A > ¢ log(m/z,) for a sufficiently large constant
G3 dth lati ze A € N ] A '1 ently |

d, where z. = ming,,<j<m-1 %i;
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then there exists a constant ¢’ > 0 such that any r > 0,

'\ 1+o(1
PT<TZ7’T( m—ms) +ZZZ>>_ ()

Proof of Theorem 6.5.1. We follow a similar routine used in (Lehre, 2022). We define the

same level function (see Definition 3 in (Lehre, 2022)) and stochastic processes. For any
j € [m] and time t > 0, X\ := |(P;x Q¢)N(A; x Bj)| denote the number of pairs in level j at
time ¢ and the current Y; of the population is defined as Y; := max{j € [m] | X7 > 1oA2}.

Finally, Z; := 0 if Y; = m and otherwise if Y; < m, we define
7= (XY,
where for all & € [A\?] and for all j € [m — 1], g(k,7) := g1(k, j) + go(k, 7) and

(k)= ((m= )X = 1)

, e L1
gz(k,J):=s0-< , +Zf>,
G S

where the parameters 7, ¢ € (0, 1) are constant and for j € [m—1], ¢; := Az;/(4+ Az;). As

shown in the proof of Theorem 3 in (Lehre, 2022) and property (1) & (2) of level functions,
by setting 2* := min,,,<;<;m_1 2, for k € [X?],5 > ma,

0 < g(k,7) < g(0,m2)

_ n(m — mg)A\? mz: %
L+mn = G

i
< (m —my) (nAQ Y so)

Using A € poly(n) and ¢, 2, € (0,1) gives

3nA2(m —
< nA*(m — my) '
2

Also, as shown in (Lehre, 2022) that g(k, j) < g(0,1) < oo for all k € [A2]JU{0} and j > mo,

we obtain: if Y; > msy, then
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Eq. (A.5) means that we satisfy the finite state space condition in the additive drift theorem
(He and Yao, 2001). For now, suppose we always have Y; > my for all t € N and denote

this by event E. Following the proof of Theorem 3 in (Lehre, 2022), we consider the drift:

Ei(Awpr | E) i =Ei(Z: — Zia | E)
= E(g(x %) — (XY i) | B).

Using (G1), (G2a), (G2b) with j > my in the proof of Theorem 3 in (Lehre, 2022) gives
the following drift: there exists ¢ = §(1 — ") > 0 for a constant ¢’ € (0, 1) such that for

any constant p € (0,1) and sufficiently large A

an(l—p).
147

Also, it is verified in the proof of Theorem 3 (Lehre, 2022) that E(T' | E) < oo and thus
fulfil the conditions of additive drift theorem. By the additive drift theorem, we obtain:
there exists ¢’ > 1 such that
'\ gy |
E(T | E) < —- ((m — my)A? + 16 Z Z) =T
i=ms

Using conditional Markov inequality gives that for any r» > 0,

E(T| F)

Pr(T>rr | E) <
rT

<

%. (A.6)

Now, we take into account the event F, and by using the law of total probability, we obtain
that for any r > 0,

Pr(T>rr)=Pr (T >r7 | E)-Pr(E)
+Pr(T >rr | E° - Pr(E°).

Using Eq. (A.6) and Lemme A.7.2 under sufficiently large population size A\ gives

L1+ 0(1)).

Sl.l_i_l.efﬂ()‘):_
r T
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Lemma 6.2.1. Given a DIAGONAL game denoted by g, (x,y) =, (u,v) if and only if

(x,y), (u,v) satisfy one of the following:

(1) |zly <ol |zl < lyh and |uly <|y|;
(2) |zly = [vl, |zh < |yl and |uly <[yl
(3) |zl = oli, |2 = |ylv and [uly < [yh;

(4) |x|1 > v, |zl > |yl and |uly > |yl;.

Proof of Lemma 6.2.1. To see the "iff" equivalence relation, we list all possible configura-

tions in the table.

Suppose we have (z,y) =, (u,v). Note that g only takes two values. Thus, in the

dominance relation,

g(w,v) > g(z,y) > g(u,y),

there are only 8 possible cases in total, which shows in the following tables.

Configuration | g(x,v) | g(x,y) | g(u,y)
Config. pairs 1 | -1 -1 -1
Config. pairs 2 | -1 -1 1
Config. pairs 3 | -1 1 -1
Config. pairs 4 | -1 1 1
Config. pairs 5 | 1 -1 -1
Config. pairs 6 | 1 -1 1
Config. pairs 7 | 1 1 -1
Config. pairs 8 | 1 1 1
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From the table, we see that only configuration pairs 1,5, 7,8 can have dominance relation

(x,y) =4 (u,v). We can easily derive the equivalence relation as follows.

(a) Configuration pair 1 means that |z|; < |v|1,|z]1 < |y|l1 and |u|; < |y|; and this is

equivalent to case (1) in Lemma 6.2.1.

(b) Configuration pair 8 means that |z|; > |v|i,|z|1 > |y|1 and |u]; > |y|; and this is

equivalent to case (4) in Lemma 6.2.1.

(c) Configuration pair 5 means that |z|; > |v|y, |z[1 < |y|i and |u|; < |y|; and this is

equivalent to case (2) in Lemma 6.2.1.

(d) Configuration pair 7 means that |z|; > |v|q, |x]1 > |y|1 and |ul; < |y|; and this is

equivalent to case (3) in 6.2.1.

Thus, the proof is completed. [

Theorem 6.4.1. Consider RLS-PD on DIAGONAL and problem size n € N. The runtime

of RLS-PD for finding the mazimin optimum of DIAGONAL is €™ with probability 1 —

~Q(n).

Proof of Theorem 6.4.1. Suppose we have search point (x;,y,) € X x ) in iteration t € N
and define M; := 2n — X; — Y, where X; = |z;]; and Y; = |y;]1. Define T' := inf{t >
0| My =n} and T, := inf{t > 0 | M; < en} for any ¢ > 0. We can see from the
definition that T" > T,. Next, we want to show there exists some constant ¢ > 0 such that

Pr (T, < e™) < e~ for some constant ¢ > 0.

Instead of considering the algorithm exactly reaches the optimum in this game, we first
consider the algorithm reaches a en-approximation to the optimum where ¢ € (0,1/4).

Assume that en < M; = s < n/4 at iteration ¢ € N, then recall that

T.:=inf{t > 0| M; < en}.
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Now, let us check the conditions of Theorem 2.8.2. Firstly, we show that the initial search
point (X, Yy) satisfies My > n/4 with high probability. Note that RLS-PD initialises
the search point uniformly at random. So X, Yy are subject to Binomial distribution

Bin(n, 1/2). We compute the probability of My < n/4.

Pr(]\/[ogg> :Pr<X0+Y02%n)

By using Chernoff’s bound on Xy + Y, ~ Bin(2n, 1/2), we have

n(%)2 B M\ _am
Sexp<—2+% = exp ~ =e .

This means that the initial search point (X, Yy) satisfies My > n/4 with probability 1 —

-

e~ or with high probability for sufficiently large n.

For condition (2), it is easy to show for RLS-type algorithms. Since RLS only moves 1
step at each iteration, then it is certainly true for j > 2. For j = 0,1, we set n > 0 and

r =mn+ 1, then condition (2) is satisfied.
For condition (1), we divide into several cases:
(a) Consider (x,y) with X; < Y;,

(al) Comsider X; <Y, — 1< X; + 1 <Y;, we compute the drift:

Ei(My — My1q) = Ee( X1 — Xp + Y — Y3)

Since X1 — Xy, Yy — Y, € {—1,0,1},

n Xt Xt
-1 _1). 2t

2n Y+( ) 2%/

n t t

1 -1) - —

+ n +( ) 2n
_An —2X, —2Y, —2n

N 2n
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Recall that M; = 2n — X; — Y; and assume M; < n/4.

M1y B
n 4 4

(a2) Comnsider X; =Y; — 1< X; + 1 =Y;, we compute the drift:

Ei(My — Myy1) = Eo( X1 — Xy + Vi — Y))
Since in this case, from Lemma 6.2.1, the search point can only move upwards,

left-hand sided and right-hand sided. So

n— X, &+n—Yt

—-1) -
. 2n1 +( )1 2n1 2n
—(— 4+ WM, + — — =
(2n+4n)1 t+14n 2

= — t _ — =

3
4n 4dn 2

=1.

Using M; < n/4 gives

1 -5 1 1
— = — <

3 1
<2 _Z = E—
— 16 2+4n 16+4n_ 16
(b) Consider (x,y;) with X; =Y}, we compute the drift:
Ei(My — My1) = Ey( X1 — Xy + Y — V)

Since in this case, the search point can only move upwards, downwards and right-hand

sided. So

- X Y, Y,
.n t_|_1.n t_|_ _t

=1 -1)-
2n 2n ( ) 2n

Using Mt:Zb_Xt_Y;f:Zn[—QY;@)/t: 2”;Mt <:>Xt: 2n;Mt7

3 3 n 1 5
= M, -1< — ——-=——.
dn " ~4n 4 2 16

(c) Consider (z;,y;) with X; > Y;, by symmetry of DIAGONAL Game (see the detail
analysis in case (a)), we can easily derive that

Ei(My — M) = Eo(Xep1 — Xe + Vi — Y2)

3 -1, -1
< S W
< max{—=, 7} =75
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Together, we have the negative drift with:
E(M; — M| F) < =90
where —§ = max{—3/4,—-1/16,-5/16} = —1/16.
Then, by applying Theorem 2.8.2, there exists some constant ¢ > 0 such that

Pr (T < ecn) < Pr (Te < ecn) < e M — e—Q(n)'

[]

Theorem 6.4.2. Consider (1+1)-CoEA with pairwise dominance relation on DIAGONAL,
constant mutation parameter x € (0,1], and problem size n € N. The runtime of (1+1)-

CoEA for finding the mazimin optimum of DIAGONAL is ™ with probability 1 — e~

Proof of Theorem 6.4.2. Suppose we have search point (x;,y,) € X x ) in iteration ¢t € N
and define M, := 2n — X; — Y, where X; = |z4|; and Y; = |y;|;. Define T := inf{t > 0 |
M,; =0} and T, := inf{t > 0 | M; < en} for any € € (0,1/20]. Note that T" > T.. Next, we

want to show Pr (7. < e™) < e~ for some constant ¢ > 0.

We follow the setting and notations of Lemma 6.4.1. Instead of considering the algorithm
exactly reaches the optimum in this game, we first consider the algorithm reaches a e-
approximation to the optimum where € > 0 satisfies the condition in proof of Lemma 6.4.2.
Assume that en < M; < 2en < n/4 at iteration t € N, then we define T, := inf{t >
0 | M; < en}. Recall from the definitions that Ty > T.. Then, to derive an exponential
lower bound for T, it is sufficient to derive the counterpart for 7.. Then, by applying
Theorem 2.8.2,

Pr(T < ™) < Pr(T. < ™) < e = =),
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Lemma 6.4.1. Consider (1+1)-CoEA with pairwise dominance relation on DIAGONAL
and a constant mutation rate x = O(1). Suppose we have a search point (x4, y;) € X XY in
iteration t € N and define My :=2n— (X, +Y};). For anyt, ifen < M, < n/4 for some con-

stant € > 0, then there exist some r,n > 0 s.t. for any j >0, Pr(|My — My1| > 5 | Fp) <

r/(1+n).

Proof of Lemma 6.4.1. By the triangle inequality, if we have j < |M; — M;,4|, then

J<|My— M| =|Xip1 — X + Yy — Y|
< | X1 — Xo| + 1Y — Vi

We proceed by using contradiction. Assume that both | X1 — X;| < % and |Y; — Y| < %,
then we have |M; — M, 1| < j which leads to a contradiction. So by contradiction, we have
at least either | X1 — Xi| or |Y; — Yi41| greater or equal to j/2. To obtain the upper bound
of change in the number of 1 bits, we consider the algorithm selects j/2 bit positions among

n bits. Without loss of generality, for any j > 0,

. /2 J/2
j n o\, X/ n’ X

P o > < < AN/ < R

It (|Xt+1 Xi| = 2) = <]/2)(n) — (j/2)! ni?

Here, we use the fact that lim,, . £ = 0 for any constant z, x = O(1) and thus k! > (2x)*

for sufficiently large k (e.g k > 100).
1..
< (2)772
<(})

Next, we use the union bound.

Pry (|My = Mya| = j)

<2. <%)”2 =

2
(V2 =14 1)
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In this case, we take 7 = 2 and n = v/2 — 1 > 0, and we get the exponential tail bound for

the jump at each iteration. O

Lemma 6.4.2. With the same setting as Theorem 6.4.2 and sufficiently large n > 1, for
any t and M :=2n — Xy — Y, if en < M; < 2en for any constant € € (0,1/20], then there

exists 0 > 0 such that E,(My — Myyq) < —9.

Proof of Lemma 6.4.2. As is shown in Fig 6.1, we can divide the analysis into three cases.
Given that en < M; < 2en for any constant € € (0,1/20] we mainly focus on computing
the drift of the e-approximation towards the optimum. There are four regions that current
search points will move based on Lemma 6.2.1. We denote the event that search points will
move to each region by E; for i € {0} U [3]. In particular, we denote the event that current
search points move to the upper right corner by FEy. In such an event, it contributes to

positive drift into the whole drift.

(a) Consider (x¢,y;) with X; =Y}, we compute the drift by using the law of total proba-

bility:
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Here, we underestimate the negative drift by modifying the expectation in a pes-
simistic way (using {X;y1 = X;} U{Yy1 = Y, + 1} C UL, E;). This leads to the
upper bound for the overall drift by underestimating the negative drift and overesti-

mating the positive drift.

< Ei(My — Myyq; X1 = X3)
+Ef(My — Myy1; Vi =Y, + 1)
+ Ey( My — Myyq; Ep)

= Ei(Yipr — Vi X = Xo)
+E( X = Xy + LY =Y+ 1)
+ E(Xpp1 — Xo + Vi — Y Ep)

Note that Y11 —Y; ~ Bin(n—Y}, £) = Bin(Y}, £) and thus Ey(Yi41 — Y;) = (n—2Y))%.
Since Y; = Xy and My = 2n — X; =Y, <2en, Ey(Yip1 — Y) = (n —2Y})2 = X@ <
(2 — 1)y for the case that X;,; = X;. Next, we consider the case that Y;,; = Y; + 1.
Note that X;;1 — X; ~ Bin(n — Xy, X) — Bin(Xy, %) and thus E, (M, — M;41) = 1+
Ei( X1 — Xi) = 1+ (2e — 1)x. Finally, we consider the event Ej (i.e. the next search
point moves to the orange and green region in Fig. 6.1). This case contributes to the
positive drift. So we overestimate it by only considering both 0-bit will be flipped in
vy and y;. Then, E(M; — M) < E(Z) +EW) < (2n — X, = Y;)X = MyX < 2ex
where Bin(n — Xy, %) stochastic dominates Z and Bin(n — Y}, X) stochastic dominates

W. Overall, we obtain the following upper bound.

< (28 — 1)XE(]l{xt+1=Xt})

+ (1+ (26 = )X)E(Lviy=vit1y) + 2eXE(1Lg,)

Next, we need to derive lower bounds for the probability of each event contributing

to negative drift and upper bounds for the probability of each event contributing to
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positive drift (which can be bounded by using union bounds).

Pr(X;y1 = X;) > Pr({All bits remain unflipped in x,})

=12y
S - L)

Pr(Yiy1 =Y, + 1) <Pr({At least one 0-bit flipped in y,})

(")
- 1 n
<ex

Pr(Ey) <Pr ({At least one 0-bit flipped in ¢, y: })
< (Mt> X <oy
1 /)n
Together, we can provide an upper bound of the drift for constant mutation rate y:
Ei(My — Myy1)

)+ (14 (26 — 1)x)ex + 2e%x?

2 1 2e-1
+ 2ex (e‘x(l — %) + -+

5 5 x+ax)

Note that e € (0, 55] implies that 254y < 0

2

_ X X
<_ Xl__ 2 X — 0
< — xe X( n)—l— ex | e —|—2+20)

N

Taking sufficiently large n such that (1 — ) > 1/2 gives

n -

< - XG_X% + 2ex (e_x + 1)

Using ¢ € (0, 55] gives
< —e X n e X n 1
=X\72 "0 T 10

X

Note that =5~ + &5 + 15 = =%6— + £ < 0 for all y € (0,1]. Then we end up with

a negative constant drift —d; := x (_zgfx + %) <0

< — ;.



A.7. Supplementary Materials of Chapter 6

(b) Consider (zy,y;) with X; > Y}, we use the similar analysis. We denote the event that
search points will move to each region by E; for i € {0} U[3]. In particular, we denote
the event that current search points move to the upper right corner by Ej (enclosed
by orange and green area). In such an event, it contributes to positive drift into the
whole drift. We assume that en < M; < 2en. We can derive the bound for X,,Y;

respectively by combining M; = 2n — X, — Y,.
Xi<2n—en—Y,and n —2en <2n —2en— X; <Y,
Next, using the upper bound for X; gives
Xi—Yi<(2n—en—-Y,)-Y,
Using the lower bound for Y; > n — 2en gives

<2n—en —2n +4en

< 3en.
Hence, we derive the difference of X; — Y} is

X —Y; < 3en. (A.7)
Next, we compute the drift

Et<Mt - Mt+1)
3
= Z Et(Mt - Mt+1; Ez)

i=0
We neglect the negative drift induced by moving to the blue region in Fig 6.1 and
only consider the negative drift in the red region. In particular, we underestimate
the negative drift by modifying the expectation in a pessimistic way (using {X;;1 =

X} C UL, E;) and considering the negative drift only when X, = X;.

<E (M — Myy1; Xy = Xo) + Ef(My — Myyq; Ep)
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Note that #{1-bit flipped in g}~ Bin(Y},%) and #{0-bit flipped in g} ~ Bin(n — ¥;,X).
We also underestimate the prob by considering only one bit flipped to simplify the

computation.

O m ) Pr(Xip = X))
+((n=Y) - X+ (n = Xy) - %) Pr(Ey)
<(n-— 2}@)% Pr(XHl = X,)+ (2n— X, — Yt)% Pr(Ep)
Recall that M; = 2n — Xy — Y; < 2en and thus n —2Y; = M, —n+ (X; — V) <

2en —n + 3en = ben — n since the second inequality follows from Eq. (A.7).

<(5e — 1)x Pr(Xi41 = Xy) + 2ex Pr(Ep)

Note that Pr (X = X;) > (1= 2)" > e™X(1 — —) by considering all bits remain
unflipped in 2; and Pr(Ep) < 1—(1—-X)*" <1—e (1 — 7) since we upper bound
the probability of Ey by considering at least one bit out of the two bitstrings (i.e.

zy, 1) flipped.
<(n—2¥p)Xe (1 -

X
n
(2n — Xt X
TL

)
(-0 )
<(5e — 1)xe X(1 — —) + 2ex (1 e (1 — X—2)2>

n

For sufficiently large n, we have 1/2 < (1 — Xg) < 1. Note that 5e — 1 < 0 since

1
<(be — 1)Xe’X§ + 2ex

Using € € (0, 55] gives

It is easy to check for any x € (0, 1], ( e 4 10) < 0. Hence, we end up with a

negative constant drift —d, < 0

:—(52.
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(c) Consider (zy,y;) with X; <Y}, we use the similar analysis. We denote the event that
search points will move to each region by E; for i € {0} U[3]. In particular, we denote
the event that current search points move to the upper right corner by Ej,. Such an
event contributes to positive drift into the whole drift. By symmetry of DIAGONAL
Game, we omit the repetitive steps as case (b) already calculated and conclude that

there exists d3 > 0 such that
E(M; — My | Fi) < —03.
Together, if we take 6 = min{—0d;, —ds, —d3}, then we obtain the negative drift of (1 + 1)-
CoEAs: there exists 6 > 0 such that,
E(M; — My | F) < —4.
O

Lemma 6.5.1. Given two populations P and () in PDCoFEA with population size X €
poly(n) and constant mutation rate x € (0,In2/2) on DIAGONAL with problem size n € N,
assume PDCoEA initialises Py, Qo at |Py(i)|1 = |Qo(i)]1 = n/2 for all i € [A]. For the

current level j > n/2, there exists zy)a, ..., 2n—1 € (0,1) such that for (x,y) ~ D(P,Q),

Pr(z € Ujy1) - Pr(y € Viga) > 2.

Proof of Lemma 6.5.1. To obtain the upgrade probability, we estimate it pessimistically.
Suppose the population stays at some current level j > n/2, recall the definition of par-
titions A;, B;: given (Ag X By), ..., (A, X B,), we define Ay = X and By = ) and for

je{n/2,... ,n},

Aj o =A{z {0, 1}" | [z} = j}
Bj:={y {0, 13" [ [yl = j}. (A.8)



So, to upgrade to either A;,; or B, the algorithm only needs to flip one single zero bit
in each binary bitstring before reaching the final level. We lower bound the probability
pessimistically by assuming only 1 0-bit flipped to 1-bit and other bits remain the same.
Thus,

2
Pr(z € Aj11)-Pr(y € Bj;1) > <%(1 - K)TH)

Using (1 — X)""1 > e™X(1 — o(1)) gives

n

O

Lemma 6.5.2. Given two populations P and Q) in PDCoFEA with population size A\ €
poly(n) and a sufficiently small constant mutation rate x € (0,1) on DIAGONAL with
problem size n, assume (A | G2a) holds for a constant o > (—1 + \/W) /2
where 6 € (0,a). For all v € (0,7), if [(P x Q)N (Ujs1 X Vjy1)| > vA?, then for a sample
(x,y) ~ D(P,Q), there exists a constant &y > 0 such that for all current levels j € [n/2,n],

PI"(I S Uj+1) Pr(y S ‘/j+1> > (1 + (50)’)/

Proof of Lemma 6.5.2. Let us denote the probability of selecting the pixel j € [n] by u; for
prey x and v; for predator y and denote the probability of selecting the pixel j + 1 € [n]
by ug for prey x and v, for predator y. If |(P x Q) N (Ujy1 X Vji1)| > vA?%, then we have

(P X Q)N WU x Vi) |
A2 -
Recall that “current level” in Theorem 6.3.1 means that j := max{i € [n] | [(P x Q)N (U; x

(’Lbl +U2) c Vg =

Vi)| > 1A%}, Then, we have

(P Q)N U x V)|

uy - (v +v9) = 2 2 Y-

Now, we consider SELECT(P, ()) only. Given two uniformly sampled pairs (1, 41), (2, y2) ~
Unif ({0, 1}™ x {0,1}"), there are two main cases in which we select either z or y in the

next level j + 1:
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(1) (z1,91) = (v2,92) and x1 € Ujpq (or (z1,91) = (2,92) and y1 € Vjp);

(2) (z1,91) £ (v2,92) and w3 € Ujpy (or (z1,91) Z (T2,92) and yp € Vjp).

We check all the possible combinations for X, Y], X, Ys € {j, 7+ 1} (we use capital letters
to denote the number of 1 bits in each bit-string) which satisfy (1) and (2) above. Now, we
can compute the following selected probability (without mutation for now). We trivially

have

Pr reUiq) > Pr 21,2 € A
(z,y)~SELECT(P,Q) ( J+1) = o1 wa~Unif(P) ( 1,42 ]_H)

(Ul + U9 2

)
> (ug + uz)uy
)

> (uy + u2)v0,

where the last inequality follows because ui(v; + v2) > 7.

Pr (y € V}Jrl) = Uy [(Ug + U3)2(U0 —+ v + ’UQ) + U3(2UQ -+ TQng)Ug
(z,y)~SELECT(P,Q)

+ ud(vg + T1v0 + v1 + v + v3) + u3(2ug + 2v1 + vy + v3)
+ 2uy ((u2 + us)(vo + v1 + v2) + uzvs)
+ 2up ((u2 + uz)(vo + v1 + v2) + uzvs + w1 (209 + 2vy + v2 + /03)):| .
> Uy (vo (1 + 2uou; + u%) + vy (1 + 2ugu; + u%) + vy
+vs3 ((uo + u1)2 + 2 (ug + uy + uz) U3)) .
Using (ug + uy + ug 4 u3)® = (ug + 1)’ + 2 (ug 4 g + up) ug 4+ 2ugus + 2uquy + u2? + u3?

and vy + v1 + v9 +v3 = 1 gives

= Uy (1 + (vo + v1) (2u0u1 + uf) — U3 (2u0u2 + 2uquy + ul + ug)) .
Using the assumption (A | G2a) gives vp+v; > «, and also note that u; > vo/(v1+v2) > 70

and v3 <1 — (v1 +v3) <1—".

> vy (1+ a7 — (1= 7))

= U9 (047(2) + 70) .
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By the inequality avyg+79 > 146 for 7 gives 0 < § < a and (—1 + 4a(l+9) + 1) [2a <
Yo < 1. By choosing vy > (—1 + A4a(l+9) + 1) /2, we obtain

Z'UQ (1 + (5)

We underestimate the mutation probabilities, assuming y € (0, 1)

n (n/x=1)x 1
P weUn) > (1-X) > (12X (1_z)>6x(1__);
(z,y)~MuTaTE(P,Q) n n n n

1
Pr (y e Vi) >e X (1 - —)

(z,y)~Mutate(P,Q) n

Together, we obtain

1
P cU.)>eX([1-= :
(wvy)~73r(P,Q) (= )z e ( n) (w1 + uz) %

1
Pr (yE‘/}J,_l)Ze_X (1—5) U2(1+5)

(z,y)~D(P,Q)
Taking the product of two probabilities gives

1
Pr(z € Uj11) Pr(y € V1) > e (1 - 5) (u1 4 uz) ve ¥ (14 9)

Recall that (u; 4+ ug) - v > 7. Then, we have

1
> 9e (1= 2) @+ 9)0
n
choosing a sufficiently small mutation rate x such that e** < 1+ ¢/2 and thus there exists

0o > 0 such that
=7y (14 d).
O

Lemma 6.5.3. Let D be the operator associated to Algorithms 15 (PDCoEA) on DIAGO-

NAL. Let P and Q be populations of PDCoFEA at current level j € [n/2,n] of DIAGONAL

with respect to the partitions U,V and 79 € (0,1). There ezists a constant 69 > 0 and

sufficiently small mutation rate x, such that if for some constant § >0, (A | G2b):

1—92+4§
Yo

Pr (zeA,) ( Pr  (y€ B.;UB;)” + 1) > holds,

z~Unif (P) y~Unif(Q)

then for (xz,y) ~ D(P,Q), Pr(x € U;) Pr(y € V;) > (1 4 do)70-
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Proof of Lemma 6.5.3. Let the probabilities g, uq, us, us, vo, vy, v2,v3 be as given in Fig-
ure A.4. Recall that “current level” in Theorem 6.3.1 means that j := max{i € [n] |
(P x Q)N (U; x V;)| > ~vA?}. Tt then follows that

(P x Q)N (U; x V)|
)\2

uy - (vg +vg) = > 0. (A.9)

Now, we consider SELECT(P, ) only. Given two uniformly sampled pairs (1, y1), (22, y2) ~
Unif ({0, 1}™ x {0,1}"), there are two main cases in which we select either x or y in the

same level j:

(1) (w1,91) = (z2,92) and 21 € Uj (or (z1,91) = (22,%2) and y; € V));

(2) (z1,y1) % (22,92) and xo € U; (or (x1,y1) 7 (2,y2) and yo € Vj).

Now, we can compute the following selected probability (without mutation for now).

Pr (LL' € UJ) = Uy (UO (1 + (Uo + U1)2) + uy + (Ug + Ug) (Uo + v+ U3>2)
(z,y)~SELECT(P,Q)

> uy (uo (14 (vo +v1)%) + )

using uy > 7o/ (v + v2)

> Uy <U0 (1+ (vo+ U1)2) + vlﬂfvg)

To compute the probability of selecting y in B}, we use the trivial lower bound

P ev) > 2
(Iyy)NSELECT(P7Q) (Z/ J) = (Ul + Ug)

Together, we have

Yo
P cU,) - P ev;) > 2 1 2
(z,y)NSEL£CT(P,Q) (@ ) (z,y)NSELECT(P,Q) (y € Vi) 2 ma(vr +v2) (uo ( + (vo + 1) ) + vy + "02)

Applying assumption (A | G2b) gives

1—7§+5+ Y )

> uy (v + v2)? ( " F——
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By assumption wu; (v; + v2) > vy and therefore vy 4+ vy > 7. Thus, we have

>0 (1 =15 +6+)

>’70(1+5)

We underestimate the mutation probability by using Bernoulli’s inequality

Pr(MuTATE(2) € U; | x € U;) > (1 - X>n >1—-x
n

Pr(MUTATE(y) € V; |y € V) > (1 - %)n >1-—x.

Together, we obtain

Pr(x e U;)Pr(y € V;) > Pr x e U, Pr e V) x
( ]> (y J) - (z,y)~SELECT(P,Q) ( ]) (z,y)~SELECT(P,Q) (y ])

Pr (MUTATE(z) € U; | « € U;) Pr (MUTATE(y) € V; |y € V)

> 70(1 = x)*(1 +8) > (1 + )
where the last inequality follows by choosing sufficiently small constants x,dy > 0. O

Lemma 6.5.4. Suppose PDCoEA initialises Py, Qo at |Po(i)|1 = |Qo(i)]1 = n/2 for all
i € [N\ with the runtime of Algorithm 15 finding the optimum T € N and (x4, y;) ~ D(P;, Q¢)

at iteration t < T. With the same setting of Lemma 6.5.3, there exists 1 > ~y >

V(1 +0)/ (xex/T+1) such that (A | G2b) holds for some constant § € (0, xe™X/7) with

probability 1 — e~

Proof of Lemma 6.5.4. Using Lemma A.7.5 with respect to A.;, B.; and B; defined in

—Q(n)

Lemma A.7.5 gives ug > xe X7/7 with probability 1 — e . A rough lower bound can

be derived for ug ((vg + v1)* + 1) > ug. Note that

- 149
Yo = 1+ xe™x/7
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Rearranging it gives

-X
<1+X€7 )7321+5

Thus, we have

xe Xy _1—75+0
7

Ug ((Uo + U1)2 + 1) > Uy > 5
0

Thus, we note (A) holds with probability 1 — e~ O

Lemma 6.5.5. Given two populations from PDCoFEA, P and ) with population size

clogn < X\ € poly(n) where ¢ > 0 is some constant and a constant mutation rate x

on DIAGONAL with problem size n, assume constant vy > /(1 +6)/ (xe x/7 + 1) with
constant § € (0, xe X/7) and sufficiently large n. Suppose PDCoEA initialises Py, Qo at
|Po(i)]1 = |Qo(i)]1 = n/2 for all i € [\ with the runtime of Algorithm 15 finding the opti-
mum T € N and (x4, y;) ~ D(P, Q) at iteration t < T. There exists a constant § > 0 such

that for all current levels j € [n/2,n], Pr(x; € U;) Pr(y, € V;) > (1 + ).

Proof of Lemma 6.5.5. By combining Lemma 6.5.3 and Lemma 6.5.4, we obtain the lower
bound Pr(z; € U; | (A | G2b))Pr(y: € V; | (A | G2b)) > (1 + )7, with high probability.

Using the law of total probability, we have

Pr(xz, € U;) Pr(y. € V;) > Pr(x, € A; | (A | G2b)) - Pr((A | G2b))
x Pr(y, € Bj | (A] G2b)) - Pr((A| G2b))

> (14 0)70 - (1 _ e—Q(n))Q
For sufficiently large n, (1 — e‘Q("))2 =1-o0(1).

= (1 =0(1)) (1 +6)7

241



A.7.6 More Empirical Results

We defer more experiment data here. First, we present the heatmaps for the empirical
mean of runtimes for all CoEAs on DIAGONAL with n = 100. Next, we present the de-
tailed statistics corresponding to Figure 6.2 including the tables for the empirical mean
of runtimes (Tables A.2,A.4,A.6), p-value from Wilcoxon rank-sum tests for runtimes (Ta-
bles A.3,A.5,A.7). Finally, we consider the fixed mutation rate y = 0.3 and A = clogn
where ¢ = 10-60 under problem sizes n = 100-1000, providing the tables for the empirical
mean of runtimes (Table A.8) and boxplots for runtime distribution (Figure A.8).

c¢) PDCoEA / n =100

a) RLS-PD / n = 100

108 108

<

107

H
2

8
Mean Runtime
im

Mean Runt

100E 10°

10° 10°

0.10.20.30.40.50.60.70.80.91.0

Figure A.5: Heatmaps for the runtime of all CoEAs on Diagonal with problem size n = 100
against different mutation rates. Each pixel in the plot represents the empirical mean of
runtime among 100 independent runs with respect to different mutation rates and pop-
ulation sizes. In particular, since RLS-PD and (1+1)-CoEA only consist of 1 offspring,
there is no extra parameter for population size. For all CoEAs, the mutation rate x in the
vertical axis ranges from 0.1 to 0.7, For PDCoEA, the population size A in the horizontal

axis ranges from 0.1n to n.

Figure A.5 represents the empirical mean of runtime for CoEAs with various possible
configurations. It is worth noting that RLS-PD and (1+1)-CoEA reach the function eval-
uation budgets with respect to different mutation rates. However, under certain mutation
rates and population sizes, PDCoEA can find the optimum efficiently. These empirical

findings match our theoretical analysis. Hence, the rest of the experiments only focus on
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the empirical results of PDCoEA.

In the second experiment, we explore the best possible configurations of y and A\ for
PDCoEA with problem sizes n = 100, 500, 1000. For Wilcoxon rank-sum tests, we consider
the null hypothesis that runtimes from two different configurations are drawn from the
same distribution, with the alternative hypothesis being that runtimes in one configuration

are more likely to be larger than in the other.

Table A.2: Empirical mean runtimes of PDCoEA for different values of y and \. where
A = \.-n on DIAGONAL with problem size n = 100, expressed as multiples of 10°. For each
configuration, we conduct 100 independent runs. The function evaluation for each run is
10%. Bold texts denote the best runtime with respect to the same mutation rate y, and
bold & underline texts denote the best runtime with respect to various combinations of y

and .

X\Ae 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 100.00 100.00 71.42  9.29 1.68 0.92 0.54 0.37 0.29 0.27
0.2 100.00 100.00 31.23 1.69 0.41 0.22 0.20 0.14 0.15 0.14
0.3 100.00 100.00 52.90  2.10 0.36 0.19 0.14 0.13 0.14 0.12
0.4 100.00 100.00 99.74  34.37  2.28 0.41 0.25 0.19 0.16 0.17
0.5 100.00 100.00 100.00 99.08 89.79 40.88 10.49  3.26 1.61 1.03
0.6 100.00 100.00 100.00 100.00 100.00 99.97 99.01 9592 85.59 81.96
0.7 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00

Table A.2 presents the empirical mean runtimes (scaled by 107%) of the PDCoEA algo-
rithm for different combinations of mutation rates () and population size constants (\.),
with a problem size of n = 100. The best runtime, highlighted in bold and underlined, is
x = 0.3 and A\, = 1.0 with a value of 0.12 x 105. Other best runtimes for specific mutation

rates are also bolded.
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Table A.3: Wilcoxon rank-sum test: p-values for different values of y and \. on Diagonal
with problem size n = 100. Each p-value compares runtimes against the combination of
x = 0.3 and A\, = 1.0. Bold texts denote the combinations that have statistically significant
differences against the runtime under the configuration of y = 0.3 and A\, = 1.0. The p-
value of less than 0.05 indicates that this test rejects the hypothesis at the 5% significance

level.

X\ e 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 252x 1073 252x 1073 260x 1073 3.47x 1073 811x 10730 285x 102! 3.87x 10722 4.17x107'® 7.89 x 107 4.99 x 10~
0.2 252 x 10734 252 x 1073 276 x 10734 1.46 x 1073 9.26 x 1071¢ 297 x107° 2.87 x 1072 0.721 0.774 0.152

0.3 2.52 x 1073 252 x 1073 2.60x 1073* 3.84 x 10731 260 x 10712 8.13 x 1076 0.596 0.207 0.076

0.4 252x 1073 252x103 252x103 252x103 839x10% 287x102° 1.91x10' 251x10' 6.10x10'® 148 x10°1°
0.5 2.52 x 1073 252 x 1073 252x 1073 252 x 1073 252 x 1073 252x 1073 252x 1073 252 x 1073 204 x 1073% 1.82 x 1073
0.6 252 x 1073 252 x 1073 252x 1073 252x 1073 252x1073 252x 1073 252x 1073 2.52x 1073 252x 1073 252 x 10734

0.7 2.52 x 10734 252 x 1073 252 x 1073 252 x 1073 252 x 1073 252 x 1073 252x 1073 252 x 1073 252 x 1073 252 x 10734

Table A.3 shows the Wilcoxon rank-sum test p-values comparing runtimes against the
configuration of y = 0.3 and A. = 1.0. A p-value less than 0.05 indicates a statistically
significant difference at the 5% significance level. The highlighted bold p-values indicate
no significant difference, with y = 0.2, A\, = 0.8 (0.721), x = 0.2, A\, = 0.9 (0.774), x =
0.3, \. = 0.7 (0.596), and a few other values showing non-significance. These might suggest
the best possible mutation rates range from x € [0.2,0.3] and the best population size range

from A € [0.7n, n| under problem size n = 100.

Table A.4 presents the empirical mean runtimes of the PDCoEA algorithm for different
combinations of mutation rates (x) and population size (\), with a problem size of n = 500.
The best runtime, highlighted in bold and underlined, is x = 0.3 and A\, = 0.3 with a value

of 1.05 x 108. Other best runtimes for specific mutation rates are also bolded.

Table A.5 shows the Wilcoxon rank-sum test p-values comparing runtimes against the
configuration of x = 0.3 and A\, = 0.3. A p-value less than 0.05 indicates a statistically

significant difference at the 5% significance level. All other configurations generally show
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Table A.4: Empirical mean runtimes of PDCoEA for different values of y and \. where
A = \.-n on DIAGONAL with problem size n = 500, expressed as multiples of 10°. For each
configuration, we conduct 100 independent runs. The function evaluation for each run is
10°. Bold texts denote the best runtime with respect to the same mutation rate y, and

bold & underline texts denote the best runtime with respect to various combinations of x

and ).

X\ e 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 1000.00  260.22 5.37 241 2.21 2.17 2.32 2.61 2.64 2.79
0.2 1000.00  2.68 1.23 1.30 1.33 1.60 1.69 1.88 1.98 2.14
0.3 1000.00 1.37 1.05 1.20 1.31 1.45 1.63 1.82 1.93 2.11
0.4 1000.00  68.72 1.55 1.42 1.54 1.70 1.87 2.03 2.18 2.36
0.5 1000.00 1000.00 1000.00 1000.00 1000.00 872.11 355.60 126.04  41.86 19.78
0.6 1000.00  1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00
0.7 1000.00  1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00

highly significant differences, with p-values much lower than 0.05, indicating rejecting the
null hypothesis at the 5% level. These might suggest the best possible mutation rates

X = 0.3 and the best population size A = 0.3n under problem size n = 500.

Table A.6 presents the empirical mean runtimes of the PDCoEA algorithm for different
combinations of mutation rates (x) and population size (\), with a problem size of n = 1000.
The best runtime, highlighted in bold and underlined, is x = 0.3 and A\, = 0.2 with a value

of 2.71 x 10°. Other best runtimes for specific mutation rates are also bolded.

Table A.7 shows the Wilcoxon rank-sum test p-values comparing runtimes against the
configuration of x = 0.3 and A\, = 0.2. A p-value less than 0.05 indicates a statistically
significant difference at the 5% significance level. All other configurations generally show

highly significant differences, with p-values much lower than 0.05, indicating rejecting the
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Table A.5: Wilcoxon rank-sum test: p-values for different values of y and \. on Diagonal
with problem size n = 500. Each p-value compares runtimes against the combination of
x = 0.3 and A, = 0.3. Bold texts denote the combinations that have statistically significant
differences against the runtime under the configuration of x = 0.3 and A\, = 0.3. The p-

value of less than 0.05 indicates that this test rejects the hypothesis at the 5% significance

level.

X\Ae 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 2.52x1073* 293 x10°% 215x1072° 403 x10°2% 299x10%° 1.16x10%° 3.13x103° 646 x 10732 2.78 x 10732 7.46 x 10733
0.2 252x107% 228 x107'7 255x10° 751x10°'% 1.27x102 155x10°27 210x102 156x102® 7.46x10% 1.18x 103!
0.3 2.52x1073* 576 x 10~ 1.93 %1075 208 x10°2% 6.03x10°27 3.33x1072% 228 x102® 268 x1072° 1.25x10°3
0.4 252x1073* 341 x10°% 244x10% 785x10°2 981 x102® 234x10% 580x10% 1.16x103% 1.12x103 4.30x 1032
0.5 2.52x1073* 252x107% 252x1073* 252x1073 252x1073* 252x1073 252x103* 252x1073 252x103* 252 x 1034
0.6 2.52x1073* 252x107% 252x1073* 252x1073 252x1073* 252x1073 252x103* 252x103 252x103* 252 x 1034
0.7 252 %1073 252x1073 252x1073 252x1073 252x107% 252x1073 252x107% 252x1073 252x107% 252 x 10734

Table A.6: Empirical mean runtimes of PDCoEA for different values of y and \. where
A = A - n on DIAGONAL with problem size n = 1000, expressed as multiples of 10°. For
each configuration, we conduct 100 independent runs. The function evaluation for each run
is 10°. Bold texts denote the best runtime with respect to the same mutation rate y, and

bold & underline texts denote the best runtime with respect to various combinations of y

and .

X\ e 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.1 1000.00 7.51 5.40 6.52 6.78 7.44 8.16 8.92 9.64 10.38
0.2 39.85 2.86 3.70 4.36 5.00 5.68 6.38 6.70 7.36 8.06
0.3 7.27 2.71 3.17 3.83 4.44 5.12 5.96 6.57 7.23 7.99
0.4 1000.00 3.38 3.77 4.43 5.12 5.89 6.55 7.27 8.03 8.76
0.5 1000.00 1000.00 1000.00 1000.00 1000.00 938.90 733.86 323.93 106.59 61.90
0.6 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00
0.7 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00 1000.00
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Table A.7: Wilcoxon rank-sum test: p-values for different values of y and \. on Diagonal
with problem size n = 1000. Each p-value compares runtimes against the combination of
x = 0.3 and A\, = 0.2. Bold texts denote the combinations that have statistically significant
differences against the runtime under the configuration of y = 0.3 and A\, = 0.2. The p-
value of less than 0.05 indicates that this test rejects the hypothesis at the 5% significance

level.

X\ e 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.1 2.52x107% 1.14x10°2° 571 x 10727 210x1072% 250 x1073° 4.95x 1073® 3.08x 1073% 1.81 x 10733 252 x 1073 2,52 x 10734
0.2 9.96 x 10732 503 x107% 2.20x 1072' 5.05x 10726 1.12x 10727 6.47 x 1072° 1.85 x 10732 4.66 x 1073% 4.53 x 10733 1.35 x 10733
0.3 1.68 x 1071° - 218 x 1071® 387 x1072° 542x 10727 234 x 1072 6.46 x 10732 4.80 x 10733 4.66 x 10733 2.51 x 10733
0.4 2.52x 10734 236 x 102" 1.18x 10724 542 x 10727 261 x 1072 512x 10732 4.95x 10733 4.66 x 1073% 9.70 x 1073* 2.52 x 10734
0.5 252 x 1073 252 x 1073 252 x 1073 252 x 1073 252 x 1073 252x 1073 252x 1073 252 x 1073 252 x 1073 252 x 1073
0.6 252 x 1073 252 x 1073 252x 1073 252x 1073 252x1073 252x 1073 252x 1073 252x1073 252x 1073 252 x 10734

0.7 2.52 x 10734 252 x 1073 252x 1073 252 x 10734 252 x 1073 252 x 1073 252x 1073 252 x 1073 252 x 1073 252 x 1073

null hypothesis at the 5% level. These might suggest the best possible mutation rates

x = 0.3 and the best population size A = 0.2n under problem size n = 1000.

Figure A.6 and Figure A.7 present the boxplots for runtime distribution of PDCoEA
with different mutation rates and population size under problem size n = 100, 500, 1000.
These boxplots suggest that low mutation rates and large population sizes can maintain the
stable performance of PDCoEA. However, there is a trade-off between stable performance

and better runtime. Thus, we need to be careful in choosing the proper population size for

PDCoEA on DIAGONAL.

Finally, we conduct the experiments of PDCoEA on DIAGONAL by choosing x = 0.3
and A\ = clogn where ¢ = 10, 20, 30,40, 50,60. We can see that our current theoretical
bound O(An(A\?+n?)) (represented by the orange curve in Figure A.8) is validated in these
cases. However, it is worth noticing that our bound is still rough compared to the bound
O(Anlogn) (represented by the red curve in Figure A.8). More precise runtime bound can

be derived for PDCoEA on DIAGONAL, which we conjecture might be O(Anlogn).

247



Table A.8: Empirical mean runtimes of PDCoEA for different values of n and ¢ where
A = c-log(n) on Diagonal with problem size n = 100 to n = 1000, expressed as multiples
of 10°. For each configuration, we conduct 100 independent runs. The function evaluation

for each run is 108.

c\n 100.0 200.0 300.0 400.0 500.0 600.0 700.0 800.0 900.0 1000.0

10.0 0.16 055 1.01 1.87 238 281 422 542 6.14 10.36
200 014 034 059 087 115 137 1.7 200 240  2.77
30.0 0.17 043 071 1.02 135 174 205 248 283 3.28
40.0 021 052 088 126 1.68 211 245 288 3.38 4.00
50.0 0.25 062 1.04 149 201 242 3.03 340 399 4.56
60.0 029 072 1.19 1.71 225 285 337 395 451 5.12
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